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Abstract
In the class of vacuum Petrov type D spacetimes with cosmologi-
cal constant, which includes the Kerr-(A)dS black hole as a particular
case, we find a set of four-dimensional operators that, when composed
off shell with the Dirac, Maxwell and linearized gravity equations, give
a system of equations for spin weighted scalars associated to the linear
fields, that decouple on shell. Using these operator relations we give
compact reconstruction formulae for solutions of the original spinor
and tensor field equations in terms of solutions of the decoupled scalar
equations. We also analyze the role of Killing spinors and Killing-Yano
tensors in the spin weight zero equations and, in the case of spherical
symmetry, we compare our four-dimensional formulation with the stan-
dard 2+2 decomposition and particularize to the Schwarzschild-(A)dS
black hole. Our results uncover a pattern that generalizes a number of
previous results on Teukolsky-like equations and Debye potentials for
higher spin fields.
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1 Introduction
One of the most important open issues in General Relativity (GR) is the
black hole stability problem, which consists in proving the dynamical, non-
linear stability of the Kerr metric within the set of solutions of the Einstein
2
equations. Due to the high complexity, different levels of simplifications are
considered when approaching this problem; in the first place, one considers
linear systems, which, from the physical point of view, represent the propa-
gation of the fundamental classical fields on these spacetimes ignoring back
reaction. The dynamical evolution of these fields is described by solutions of
partial differential equations of tensorial or spinorial nature on the Lorentzian
manifold that represents the spacetime, the structure of which depends on
the kind of field we are dealing with. For example, the linearized Einstein
equations are a set of ten (in four-dimensional GR) linear, second order, par-
tial differential equations governing the evolution of the linearized metric.
The problem of analyzing solutions of these equations would be simplified
if we were able to find equivalent field equations for scalar fields encoding
the dynamical degrees of freedom of the perturbative field, as scalar fields
are simpler and, unlike spinor and tensor fields on a Lorentzian manifold,
carry an obvious notion of size. This turns out to be the case for the grav-
itational perturbations of the Schwarzschild black hole, as recently showed
in [15]. The proof of nonmodal linear stability of the Schwarzschild black
hole in [15] makes use of the fact that the linearization of a scalar curvature
invariant Φ[h], hαβ the metric perturbation, satisfies a wave-like equation
which, according to the conventions of the present paper reads1
(− 8M
r3
)Φ = 0, (1.1)
where  = gαβ∇α∇β is the standard D’Alembertian, with∇α the Levi-Civita
connection. Furthermore, for the odd sector, a solution of the linearized Ein-
stein equations can be covariantly reconstructed from a scalar field satisfying
(1.1) by means of
h−αβ =
r2
3M
∗Cα
γδ
β∇γ∇δ(r
3Φ), (1.2)
where ∗Cαβγδ is the dual Weyl tensor of the background Schwarzschild solu-
tion. This suggests that there exists a four-dimensional map transforming
off-shell the linearized Einstein tensor, regarded as a linear differential op-
erator on hαβ, into the composition of the scalar wave operator acting on Φ
in (1.1) and the linear differential operator Φ[h]. By off-shell we mean that
this is an operator equality for operators acting on the space of symmetric
(0, 2) tensors (where the perturbed metric tensor lives) and, as such, it holds
regardless of any field equations satisfied by hαβ . If this is so, a natural ques-
tion to ask, besides what the explicit form of this map is, is whether such
an operator equality exists for more general spacetimes, in particular for the
Kerr solution. In this work we address this question for the class of vacuum
1we take the metric to have signature (+−−−), whereby  corresponds to − in [15]
3
Petrov type D spacetimes with cosmological constant, which includes the
Kerr-(A)dS black hole as a particular case. We proof the existence of maps
transforming spinor/tensor field operators into scalar operators. These maps
have a universal form that depends on the spin s of the field (for s = 1
2
, 1, 2)
and the spin weight s of the scalar Φ, and (1.1) corresponds to the particular
case (s = 2, s = 0) on a Schwarzschild background. We find that the mech-
anism explaining why (1.1)-(1.2) solves the linearized Einstein equations is
the transposition of linear differential operators introduced by Wald in [34].
We also investigate the role of Killing-Yano tensors in the description of per-
turbative fields, since, although not stated in [15], it turns out that the Φ
solving (1.1) (in the particular case of the Schwarzschild solution) can be
written as
Φ = Y αβ∗YγδC˙αβ
γδ, (1.3)
where Yαβ is a Killing Yano tensor,
∗Yαβ its dual, and C˙αβ
γδ is the linearized
Weyl tensor.
As is well-known, perturbations of rotating black holes are traditionally
studied by the Teukolsky equations [31], which are a set of decoupled scalar
equations for the extreme spin weight components of perturbative fields of
spin 1
2
, 1 and 2. As showed in [9], these equations can be put in a wave-
like form by adding to the Levi-Civita derivative a connection 1-form Γα
(see (2.30) below for an explicit expression), that gives a weigthed covariant
derivative ∇α + pΓα, p ∈ Z, and the weighted wave operator [1]
T p := g
αβ(∇α + pΓα)(∇β + pΓβ). (1.4)
The advantage of using this modified wave operator is that the Teukolsky
equations adopt a very simple and elegant form in terms of it [9, 1]:
(T 2s − 4s
2Ψ2)Φ
(s) = 0, (1.5)
where the field Φ(s) has spin weight s and it is assumed a vacuum type D
background spacetime (the adjointness property of the Teukolsky system is
also easily seen in terms of the modified wave operator, see subsection 2.5 be-
low and references therein). The extreme spin weight cases are those treated
in the original work of Teukolsky. However, we are particularly interested
in spin weight zero fields, both because they are truly (tetrad independent)
scalar fields and also because the scalar field in (1.1) is of this type. For
gravitational perturbations, decoupled equations for all the perturbed Weyl
scalars have been derived in [1] (for spin weight s = ±1 the equations in [1]
are actually not decoupled, in the sense that they involve perturbed quanti-
ties other than the Weyl scalars). In any case, the equations in [1] are valid
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on-shell, i.e. the linearized vacuum Einstein equations are assumed to hold.
Since we are interested in finding operator relations we cannot make this
assumption. Working off shell is what ultimately allows us to find patterns
relating the equations for perturbed Weyl scalars and the linearized Einstein
tensor, and these relations allow us to construct solutions of the linearized
Einstein equations from solutions of the decoupled scalar equations. In the
following section we state our main results. They all have the form of operator
relations for operators acting on Dirac, Maxwell and perturbed metric fields.
On shell, they give a system of decoupled scalar wave-like equations implied
by the (Dirac, Maxwell and linear gravity) field equations. Their off-shell
validity is what allow us to construct solutions for the Dirac, Maxwell and
linear gravity equations from solutions of simple scalar wave-like equations.
1.1 Main results
We recall that, in the Petrov classification, type D spaces, which include
the Kerr family, have two principal null directions (PNDs) oA, ιA in terms
of which the only non-trivial Weyl scalar of the curvature is Ψ2. In the
following, the spinors oA, ιA (and the associated null vectors) will always
refer to these PNDs. In particular, we introduce the anti-self-dual 2-forms
0
Mαβ := 2l[αmβ],
1
Mαβ := 2l[αnβ] + 2m¯[αmβ],
2
Mαβ := 2m¯[αnβ], (1.6)
associated to the principal null tetrad {lα, nα, mα, m¯α}, and the following ten-
sors, which are anti-self-dual in each pair of indices and have the symmetries
of the Weyl tensor:
0
W αβγδ :=
0
Mαβ
0
Mγδ, (1.7)
2
W αβγδ :=
0
Mαβ
2
Mγδ +
2
Mαβ
0
Mγδ +
1
Mαβ
1
Mγδ, (1.8)
4
W αβγδ :=
2
Mαβ
2
Mγδ . (1.9)
In this paper we prove that there are four-dimensional maps that transform
off-shell (in a sense to be made precise below) the field operators of higher
spin fields into scalar operators. Although these operators have a generic
form that depends on the spin s of the field and the spin weight s of the
related scalar (as we show in section 2.5), for clarity purposes we give now,
in separate form, the explicit operators for spins s = 1
2
, 1 and 2, and for zero
and extreme spin weight, s = 0,±s.
Consider first spin s = 1
2
; this case describes massless Dirac fields. We will use
the 2-spinor formalism, in which the massless Dirac equation is ∇AA
′
χA = 0.
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The proof of the theorem below can be found in section 3.
Theorem 1.1 (spin s = 1
2
). Consider an arbitrary spinor field χA on a
vacuum Petrov type D spacetime with cosmological constant λ. Then we
have the following equalities:
Ψ
1/3
2 o
B∇B
′
B [Ψ
−1/3
2 ∇
A
B′χA] = −
1
2
(T+1 −Ψ2 +
2
3
λ)[oAχA] (1.10)
ιB∇B
′
B [Ψ
−1/3
2 ∇
A
B′χA] = −
1
2
(T−1 −Ψ2 +
2
3
λ)[Ψ
−1/3
2 ι
AχA]. (1.11)
Note that χA in equations (1.10) and (1.11) is an arbitrary s =
1
2
field,
that is, not satisfying any field equation, these are examples of what we
mean by off shell equations. If the field χA satisfies the Dirac equation, the
left hand sides of (1.10) and (1.11) vanish and we get a system of two de-
coupled linear homogeneous (Teukolsky) equations for the scalar fields oAχA
and ιAχA. Knowledge of the off shell relations above is crucial for construct-
ing solutions of the original (Dirac, in this case) field equations from scalar
(Debye) potentials.
The spin s = 1 case corresponds to Maxwell fields, which are solutions
to ∇AA
′
φAB = 0. The following theorem, proved in section 4, shows that a
similar structure to that of spin s = 1
2
occurs for this case:
Theorem 1.2 (spin s = 1, spinor version). Consider an arbitrary symmetric
spinor field φAB on a vacuum Petrov type D spacetime with cosmological
constant λ. Then we have the following equalities:
Ψ
2/3
2 o
BoC∇B
′
C [Ψ
−2/3
2 ∇
A
B′φAB] = −
1
2
(T+2 − 4Ψ2 +
2
3
λ)[oAoBφAB] (1.12)
Ψ
1/3
2 o
(BιC)∇B
′
C [Ψ
−2/3
2 ∇
A
B′φAB] = −
1
2
(+ 2Ψ2 +
2
3
λ)[Ψ
−1/3
2 o
AιBφAB] (1.13)
ιBιC∇B
′
C [Ψ
−2/3
2 ∇
A
B′φAB] = −
1
2
(T−2 − 4Ψ2 +
2
3
λ)[Ψ
−2/3
2 ι
AιBφAB] (1.14)
The tensor version of this theorem is achieved by introducing an anti-self-dual
2-form F˜αβ = Fαβ + i
∗Fαβ , and by using the tensors (1.6):
Theorem 1.2′ (spin s = 1, tensor version). Consider an arbitrary anti-
self-dual 2-form F˜αβ on a vacuum Petrov type D spacetime with cosmological
constant λ. Then we have the following equalities:
Ψ
2/3
2
0
M
βγ∇γ [Ψ
−2/3
2 ∇
αF˜αβ ] = −(T+2 − 4Ψ2 +
2
3
λ)[
0
M
αβF˜αβ] (1.15)
Ψ
1/3
2
1
M
βγ∇γ [Ψ
−2/3
2 ∇
αF˜αβ ] = −(+ 2Ψ2 +
2
3
λ)[Ψ
−1/3
2
1
M
αβF˜αβ ] (1.16)
2
M
βγ∇γ [Ψ
−2/3
2 ∇
αF˜αβ ] = −(T−2 − 4Ψ2 +
2
3
λ)[Ψ
−2/3
2
2
M
αβF˜αβ].
(1.17)
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As in the Dirac field case, on shell the left hand sides of the above equa-
tions vanish and give decoupled scalar field equations for the Maxwell scalars
on the right hand side, generalizing Teukolsly equations to non extreme spin
weights. Once again, the fact that equations (1.15)-(1.17) hold for any anti-
self-dual 2-form F˜αβ is what interest us most.
Finally, spin s = 2 corresponds to gravitational perturbations. We as-
sume there is a mono-parametric family of metrics gαβ(ǫ), where the un-
perturbed metric gαβ(0) = gαβ solves Einstein equations. In what follows,
we use alternatively d
dǫ
|ǫ=0 and a dot over a quantity to denote linearization.
Assuming linearized Einstein vacuum equations (with cosmological constant)
are also satisfied (that is, on shell), the linearized Bianchi identities are for-
mally d
dǫ
|ǫ=0(∇
AA′ψABCD) = 0 (see e.g. [12, Eq. (2.8)]). The operators to be
applied off shell to these identities follow a similar pattern to those of spin
s = 1
2
and s = 1, as the following theorem shows:
Theorem 1.3 (spin s = 2, spinor version). Let (Mǫ, gαβ(ǫ)) be a monopara-
metric family of pseudo-Riemannian manifolds, analytic around ǫ = 0, such
that gαβ(0) satisfies the vacuum Einstein equations (with cosmological con-
stant λ) and is of Petrov type D. Let ψABCD be the Weyl curvature spinor of
the metric gαβ(ǫ). Then we have the following equalities:
d
dǫ
|ǫ=0[Ψ
4/3
2 o
BoCoDoE∇B
′
E (Ψ
−4/3
2 ∇
A
B′ψABCD)] = −
1
2
(T+4 − 16Ψ2 +
2
3
λ)Ψ˙0
(1.18)
d
dǫ
|ǫ=0[Ψ
2/3
2 o
(BoCιDιE)∇B
′
E (Ψ
−4/3
2 ∇
A
B′ψABCD)] = −
3
2
d
dǫ
|ǫ=0[(+ 2Ψ2 +
R
6
)Ψ
1/3
2 ]
(1.19)
d
dǫ
|ǫ=0[ι
BιCιDιE∇B
′
E (Ψ
−4/3
2 ∇
A
B′ψABCD)] = −
1
2
(T−4 − 16Ψ2 +
2
3
λ)[Ψ
−4/3
2 Ψ˙4]
(1.20)
where Ψ˙i =
d
dǫ
|ǫ=0Ψi(ǫ), i = 0, 4.
This theorem shows how to map off shell the linearized Bianchi identities
to decoupled equations for perturbed Weyl scalars. However, gravitational
perturbations are traditionally described in terms of the perturbed metric
hαβ = g˙αβ =
d
dǫ
|ǫ=0gαβ(ǫ), which is a solution to the linearized Einstein
equations G˙αβ[h] + λhαβ = 0, where G˙αβ [h] =
d
dǫ
|ǫ=0Gαβ(ǫ) is the linearized
Einstein tensor, which is a –gαβ dependent– linear functional on hαβ :
G˙αβ [h] = −
1
2
hαβ −
1
2
∇α∇βh+∇
γ∇(αhβ)γ +
1
2
gαβ(h−∇
γ∇δhγδ), (1.21)
where h = gγδhγδ. In order to relate the perturbed Weyl scalars in theorem
(1.3) to the linearized Einstein tensor, we use the linearized Bianchi identities
7
in the following way: let Oαβγ be a linear differential operator such that
Oαβγ = O[αβ]γ and gαγO
αβγ = 0 (see section 5 for explicit expressions of Oαβγ
in spinor form). As we will show, applying Oαβγ to the Bianchi identities on
an arbitrary spacetime, one gets
Oαβγ∇δCαβγδ = −O
αβγ∇αRβγ , (1.22)
where Cαβγδ is the Weyl tensor. The idea is to choose O
αβγ such that the
left hand side of (1.22) is a decoupled equation for some Weyl scalar plus
additional terms that vanish when linearizing. When we linearize the right
hand side of (1.22) around a vacuum solution (i.e. with Rαβ |ǫ=0 = 0), the
linearization operator d
dǫ
|ǫ=0 commutes with O
αβγ∇α and we are left with a
background operator acting on the linearized Ricci tensor:
d
dǫ
∣∣
ǫ=0
[
Oαβγ∇δCαβγδ
]
= −Oαβγ∇α
[
d
dǫ
∣∣
ǫ=0
Rβγ
]
. (1.23)
Note that the symmetries of Oαβγ are such that we can add a term propo-
tional to the metric in the right hand side of (1.22), this allows to replace Rαβ
by the Einstein tensor and to include a cosmological constant term (in which
case we consider λ-vacuum background solutions, (Gαβ+λgαβ)|ǫ=0 = 0). See
section 5.1 for details. When combined with theorem (1.3), and using the
tensors (1.7), (1.8) and (1.9), the previous idea leads to the following result:
Theorem 1.3′ (spin s = 2, tensor version). Consider an arbitrary metric
perturbation hαβ on a vacuum Petrov type D spacetime with cosmological
constant λ. Then we have the following equalities:
Ψ
4/3
2
0
W
αγβδ∇δ
[
Ψ
−4/3
2 ∇γ(G˙αβ [h] + λhαβ)
]
= (T+4−16Ψ2+
2
3
λ)Ψ˙0[h] (1.24)
Ψ
2/3
2
2
W
αγβδ∇δ
[
Ψ
−4/3
2 ∇γ(G˙αβ [h] + λhαβ)
]
= 6
[
(+ 8Ψ2 +
2
3
λ)[Ψ
−2/3
2 Ψ˙2[h]] + 3(˙h +
R˙h
6
)Ψ
1/3
2
]
, (1.25)
4
W
αγβδ∇δ
[
Ψ
−4/3
2 ∇γ(G˙αβ [h] + λhαβ)
]
= (T−4 − 16Ψ2 +
2
3
λ)[Ψ
−4/3
2 Ψ˙4[h]].
(1.26)
In the next sections we put the equalities in the previous theorems in an
operator identity form in the spirit of [34]. This provides a way to recon-
struct solutions of the original field equations from solutions of the decoupled
equations of which (1.1)-(1.2) is a particular case (see lemma 6.1 and below).
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The proof of all theorems requires combining spinor and Geroch-Held-Penrose
(GHP) techniques, although in section 6 we also give some alternative proofs
using the 2+ 2 decomposition of warped product spacetimes, which is useful
for connecting our formalism to the traditional approach in the spherically
symmetric case.
1.2 Conventions and overview
We will assume the spacetime to be a 3+1 dimensional, orientable, Lorentzian
manifold with metric signature (+−−−), and we further assume that it ad-
mits a spinor structure. Greek indices refer to spacetime indices, and (primed
and unprimed) latin capital indices are spinor indices. Additional notation,
when needed, will be explained in the corresponding sections. Throughout
the paper, we will omit the soldering forms σαAA′ for the correspondence
between spinors and tensors. For background on the 2-spinor and GHP for-
malisms, see for example [26, 27]. We will often use ‘λ-vacuum spacetime’ for
referring to a spacetime which is vacuum apart from a nonzero cosmological
constant λ. For the sign conventions we use regarding curvature tensors, see
appendix A.1.
In section 2 we explain the methods we will use in the calculations of this
paper, in particular the basics of the GHP formalism, the properties of Petrov
type D spacetimes relevant for this work, and a review of Wald’s method of
adjoint operators, together with a unified form of the operator to be applied
to a spin-s field in order to get decoupled equations for its components.
Sections 3, 4 and 5 are devoted to the proof of theorems 1.1, 1.2 and 1.3
respectively, we also give covariant, compact expressions for solutions of the
field equations in terms of solutions of decoupled equations; in particular, in
section 5 we show in detail how to relate the equations for perturbed Weyl
scalars to the linearized Einstein tensor, and then how to construct a solution
of the linearized Einstein equations from solutions of the decoupled equations.
In section 6 we give the relation of our methods and results with the 2 + 2
decomposition of spacetimes with warped product structure, particularized
to the Schwarzschild-(A)dS solution. In particular, we demonstrate the origin
of (1.1), (1.2) (section 6.2.1) and (1.3) (section 6.2.2). Finally, the conclusions
of this work are presented in section 7, together with a summary of previously
known results. We also include an appendix collecting relevant formulae for
the proofs of the main theorems.
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2 Spinor and GHP methods
The purpose of this section is to introduce the different techniques we will
use in the calculations of this paper. In section 2.1 we discuss briefly the
spinor fields we will consider in this work and the associated scalar, decoupled
equations. In section 2.2 we give the basics of the GHP formalism needed
to understand the notation and calculations of the next sections (we mainly
follow [19] and section 4.12 in [26]). In section 2.3 we present the compact
form of the Teukolsky equations using weighted wave operators [9, 1], we will
use them in the case of extreme spin weight. The characteristics of Petrov
type D spacetimes relevant to this work are presented in section 2.4, together
with the properties of the Killing spinor associated to these solutions. Finally,
in section 2.5 we recall the method of adjoint operators due to Wald [34],
that will be central in this work, and we give the general (s, s)-operator that
maps off-shell the field equations into scalar, decoupled equations for the spin
weight s component of a spin-s field.
2.1 Preliminaries
The fields one typically considers in the study of black hole stability are
obtained as a generalization of the situation in the Minkowski space. The
possible physical fields that can exist on a flat spacetime are in turn deter-
mined by very general symmetry arguments. More precisely, the (massless)
physical fields are classified by studying the massless irreducible representa-
tions of the universal covering of the Poincaré group, which is the isometry
group of Minkowski space. This leads to the notion of massless free fields
of spin 2 s: totally symmetric spinors φA1...A2s = φ(A1...A2s) with 2s indices
satisfying the equation3
∂A1A
′
1φA1...A2s = 0, (2.1)
where ∂AA′ = σ
α
AA′∂α, with σ
α
AA′ the soldering form and ∂α derivatives
with respect to global inertial coordinates. Physically important examples of
(2.1) are the Dirac (s = 1/2), Maxwell (s = 1) and linearized gravitational
fields (s = 2). For curved spacetimes, however, the existence of spinor fields
depends on whether or not it is possible to define a spinor structure, for
which there are some topological obstructions [20, 21]. If the topological
conditions are met, spinors are defined by using the local SO(1, 3) symmetry,
and the generalization of (2.1) to a curved space is achieved by the minimal
2or, more properly for the massless case, helicity.
3in the case of spin s = 0 the field satisfies the massless wave equation φ = 0.
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substitution ∂α →∇α,
∇A1A
′
1φA1...A2s = 0, (2.2)
where now φA1...A2s is a cross section of the corresponding spinor bundle.
The spin now labels the irreducible representations of SL(2,C), which is
the covering of SO(1, 3). On the other hand, even if the spacetime admits
a spin structure, the existence of non trivial solutions of (2.2) for s > 1 is
constrained by algebraic consistency conditions: if we assume (2.2) holds and
take an extra covariant derivative we find that
φABC(A4...A2sψA2s+1)
ABC = 0, (2.3)
where ψABCD is the Weyl curvature spinor. This equation is sometimes
referred to as the Buchdahl constraint, and it imposes strong restrictions
on the geometry of the background spacetime (see e.g. [8]). Moreover, the
gravitational perturbations of a generic curved space, represented by the
linearized Weyl spinor, do not satisfy (2.2), i.e. they involve a non-trivial
right hand side in this equation (see e.g. [12]), and the algebraic specialty
is generally not preserved under perturbations [5]. Therefore, we will focus
on the spin s = 1
2
, 1 cases of (2.2), while for the spin 2 case we will use the
linearization of (2.2).
As mentioned in the introduction, a useful simplification in the study
of solutions of tensorial/spinorial field equations would be to find a scalar
equation describing the system. Of course, one can obtain a set of scalar
equations on an arbitrary spacetime by simply projecting the field equations
on a basis frame at each tangent space. Simplifications useful for calculations
are achieved if the basis frame one chooses can be related to the particular
geometric structure of the spacetime. This is the case for example when the
geometry possesses distinguished directions, like in the algebraically special
spacetimes of the Petrov classification. The Petrov type D is especially rele-
vant for the black hole stability problem, since the Kerr family of stationary,
vacuum black hole solutions corresponds to this case. Two (repeated) null
directions are preferred at each point in this class of spaces, and, by adapting
a null frame to them, a formalism especially suited for this situation can be
implemented, namely the GHP formalism. However, the system of equations
obtained this way typically consists of several interrelated equations which
in principle cannot be analyzed separately. That is to say, the equations are
generally coupled, in the sense that each one of them involves more than one
of the components of the field relative to the basis frame one have chosen.
In a flat space, given a spin-s field (2.1), a single scalar equation can
be obtained by using Killing spinors4 (see [27, section 6.4]): if LA1...A2s is
4not to be confused with the homonymous object in the mathematics and supergravity
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a 2s-index Killing spinor, the field Φ = LA1...A2sφA1...A2s satisfies the wave
equation, Φ = 0. In curved spacetimes, the situation is more subtle be-
cause the existence of Killing spinors imposes restrictions on the curvature
to algebraically special cases. On the other hand, even if Killing spinors
are available, it is expected the appearance of curvature terms in wave-like
equations for Φ = LA1...A2sφA1...A2s. For example, Petrov type D spacetimes
admit a 2-index Killing spinor KAB (see subsection 2.4 below), which is re-
lated to various symmetries of these spaces. The scalar field Φ ≡ KABφAB,
where φAB is a spin-1 field (2.2), can be shown to satisfy the Fackerell-Ipser
equation
(+ 2Ψ2)Φ = 0. (2.4)
This equation was found in [18] by other means in the particular case of the
Kerr solution, but it is valid for all type D vacuum spacetimes.
On the other hand, it is possible that the scalar equations we are looking
for involve wave operators distinct from the traditional D’Alembertian  =
gαβ∇α∇β. We can think of this situation in the following geometrical terms.
Let P
π
−→ M be a principal fiber bundle with structure group G over the
spacetime M, and let ωα be a g-valued connection 1-form on P , where g =
Lie(G) is the Lie algebra of G. Tensor fields onM are sections of associated
bundles to P , E = P ×ρ V , where (ρ, V ) is a representation of G on the
vector space V . The covariant derivative on E is induced by the connection
1-form on P , and, acting on a cross-section ψ of E, it is explicitly given by
Θαψ = ∂αψ − ρ
′(ωα)ψ, (2.5)
where ρ′ : g→ gl(V ) is the associated representation of the Lie algebra g (see
e.g. [25]). Formula (2.5) is very useful; it generalizes the expression for the
covariant derivative of tensor and spinor fields occurring in General Relativity
or Yang-Mills theories. (For example, the covariant derivative appearing in
(2.2) is a particular case of (2.5), where the Lie algebra is g = so(1, 3) and
the connection 1-form is the spin connection.) The equation we are looking
for may then involve a wave operator formed as gαβΘαΘβ. This is actually
the case for the Teukolsky equation [1], where, in the context of the GHP
formalism, the gauge group is C× and its representations on the fields of
interest are labeled by an integer number p; see section 2.3.
2.2 GHP formalism
The GHP calculus is especially suited for situations in which two null direc-
tions lα and nα on the spacetime are distinguished, like in the case of Petrov
communities [32]
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type D spaces we are interested in. We align a spin dyad {oA, ιA} to these
null directions, with oAι
A = 1. The relation of this dyad with a null tetrad
is as usual,
lα = oAo¯A
′
, nα = ιA ι¯A
′
, mα = oAι¯A
′
, m¯α = ιAo¯A
′
. (2.6)
As the normalization is preserved throughout the spacetime under oA → λoA,
ιA → λ−1ιA, where λ is a nowhere vanishing complex scalar field, then fix-
ing the null directions reduces the local SO(1, 3) freedom in choosing an
orthonormal tetrad, to a gauge freedom represented by a 2-dimensional sub-
group of SO(1, 3), which is isomorphic to C× (the multiplicative group of
complex numbers). In more geometrical terms [17], we get a reduction of the
orthonormal frame bundle, with structure group SO(1, 3), to a principal fiber
bundle B
π
−→ M with structure group C×. The Lie(C×)-valued connection
form is
ωα = ǫnα − ǫ
′lα + β
′mα − βm¯α, (2.7)
and it transforms under C× as the gauge potential of an abelian Lie group,
ωα → ωα + λ
−1∇αλ.
The components of a tensor field projected on the null tetrad (or a spinor field
projected on the dyad) are complex fields on the spacetime or, more precisely,
fields η : B → C, since they are associated to a particular frame. These
components have a well-defined transformation law under a change of frame;
in other words, they transform under the representation Πp,q : C
× → GL(C)
of C× on C given by
η 7→ Πp,q(λ)η := λ
pλ¯qη, (2.8)
for some integers p, q. Elements transforming under this representation are
known as weighted quantities of type {p, q}, or, alternatively, quantities of
spin weight s = (p− q)/2 and boost weight b = (p + q)/2. While the quanti-
ties of a well-defined type {p, q} form a complex vector space (carrying the
representation (2.8) of C×), the quantities of all types together form a graded
algebra. The properly weighted spin coefficients are ρ, τ, κ, σ, ρ′, τ ′, κ′, σ′ (see
[26, Eq.(4.5.21)] for the definition of the spin coefficients as derivatives of
the dyad spinors), while the coefficients β, ǫ, β ′, ǫ′ do not have a well-defined
type, they enter in the formalism in the definition of the connection form
(2.7). On the other hand, the components χ0 = χAo
A and χ1 = χAι
A of a
spinor field χA are of type {1, 0} and {−1, 0} respectively, while the Maxwell
components φi are of type {2 − 2i, 0}, i = 0, 1, 2, and the Weyl scalars Ψi,
i = 0, ..., 4 have types {4− 2i, 0}.
The representation of the Lie algebra g = Lie(C×) associated to (2.8),
πp,q : g→ gl(C) , is easily calculated as
πp,q(X)η = (pX + qX¯)η. (2.9)
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Then, according to (2.5), the covariant derivative on sections of the associated
bundles Ep,q := B ×Πp,q C is
Θα = ∇α − pωα − qω¯α (2.10)
(the inclusion of the Levi-Civita derivative ∇α allows to apply this formula to
weighted spinor and tensor fields, besides weighted scalars). The traditional
weighted derivative operators þ, þ′, ð and ð′ are simply the directional deriva-
tives along the null tetrad, þ= lαΘα, þ
′ = nαΘα, ð= m
αΘα and ð
′ = m¯αΘα.
This is in contrast to the non-weighted directional derivatives of the Newman-
Penrose formalism, D = lα∇α, D
′ = nα∇α, δ = m
α∇α and δ
′ = m¯α∇α. The
relation between both classes of operators can be inferred from (2.10) and
(2.7): acting on a type {p, q} quantity, we have
þ = D − pǫ− qǫ¯, (2.11)
ð = δ − pβ + qβ¯ ′, (2.12)
þ′ = D′ + pǫ′ + qǫ¯′, (2.13)
ð′ = δ′ + pβ ′ − qβ¯. (2.14)
A very useful GHP operation taking weighted quantities into weighted quan-
tities is the so-called prime operation, which is defined by the interchange
oA ↔ ιA. It is easy to see that if η is of type {p, q}, then η′ is of type
{−p,−q}. This operation allows to halve the number of Newman-Penrose
equations which are properly weighted, namely the Ricci identities involving
derivatives of the weighted spin coefficients5,
þρ− ð′κ = ρ2 + σσ¯ − κ¯τ − τ ′κ+ Φ00 (2.15)
þσ − ðκ = (ρ+ ρ¯)σ − (τ + τ¯ ′)κ+Ψ0 (2.16)
þτ − þ′κ = (τ − τ¯ ′)ρ+ (τ¯ − τ ′)σ +Ψ1 + Φ01 (2.17)
ðρ− ð′σ = (ρ− ρ¯)τ + (ρ¯′ − ρ′)κ−Ψ1 + Φ01 (2.18)
ðτ − þ′σ = −ρ′σ − σ¯′ρ+ τ 2 + κκ¯′ + Φ02 (2.19)
þ′ρ− ð′τ = ρρ¯′ + σσ′ − τ τ¯ − κκ′ −Ψ2 − 2Λ. (2.20)
The prime of these equations gives six more properly weighted Ricci equa-
tions. The remaining Newman-Penrose equations involve derivatives of spin
coefficients not properly weighted; in the GHP formalism they enter in the
5the greek letter Λ (traditionally associated to the cosmological constant) represents
the scalar curvature and is conventional in the two-spinor formalism [26, 27], this is the
reason why we use λ for the cosmological constant.
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commutation relations for the derivative operators:
[þ, þ′] = (τ¯ − τ ′)ð+ (τ − τ¯ ′)ð′ − p(κκ′ − ττ ′ +Ψ2 + Φ11 − Λ)
−q(κ¯κ¯′ − τ¯ τ¯ ′ + Ψ¯2 + Φ11 − Λ), (2.21)
[þ, ð] = ρ¯ð+ σð′ − τ¯ ′þ− κþ′ − p(ρ′κ− τ ′σ +Ψ1)
−q(σ¯′κ¯− ρ¯τ¯ ′ + Φ01), (2.22)
[ð, ð′] = (ρ¯′ − ρ′)þ+ (ρ− ρ¯′)þ′ + p(ρρ′ + σσ′ +Ψ2 − Φ11 − Λ)
−q(ρ¯ρ¯′ − σ¯σ¯′ + Ψ¯2 − Φ11 − Λ). (2.23)
We also note the following commutation relation, in which a is an arbitrary
constant and η is type {p, 0}:
[þ− aρ, ð− aτ ]η = ρ¯(ð− aτ)η − τ¯ ′(þ− aρ)η − (2a+ p)Ψ1η
+ (ð′η + pτ ′η + aη(ð′ − τ¯ + τ ′)) σ
− (þ′η + pρ′η + aη(þ′ − ρ¯′ + ρ′)) κ. (2.24)
For type D spacetimes, the terms proportional to σ, κ and Ψ1 vanish, and
we are left with [1]
[þ− aρ, ð− aτ ]η = ρ¯(ð− aτ)η − τ¯ ′(þ− aρ)η, (2.25)
this relation will be very useful in the following sections.
In order to find the spinor operators that map field equations to decou-
pled scalar equations, we will need the explicit form of ∇AB′χA, ∇
A
B′φAB and
∇AB′ψABCD in its components in the {oA, ιA} basis. This can be obtained
readily by using formulae (4.12.27) in [26]. For Dirac fields, this gives
∇AB′χA = [(þ
′ − ρ′)χ0 − (ð− τ)χ1]o¯B′
+[(þ− ρ)χ1 − (ð
′ − τ ′)χ0]ι¯B′ , (2.26)
while for the Maxwell spinor, we get
∇AB′φAB = [(ð− 2τ)φ1 − (þ
′ − ρ′)φ0 + σφ2]ιB o¯B′
+[(þ′ − 2ρ′)φ1 − (ð− τ)φ2 + κ
′φ0]oBo¯B′
+[(ð′ − τ ′)φ0 − (þ− 2ρ)φ1 − κφ2]ιB ι¯B′
+[(þ− ρ)φ2 − (ð
′ − 2τ ′)φ1 − σ
′φ0]oB ι¯B′ , (2.27)
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and similarly for the Weyl spinor
∇AB′ψABCD = −[(þ
′ − ρ′)Ψ0 − (ð− 4τ)Ψ1 − 3σΨ2]ιBCD o¯B′
+3[(þ′ − 2ρ′)Ψ1 − (ð− 3τ)Ψ2 + κ
′Ψ0 − 2σΨ3]ι(BCoD)o¯B′
−3[(þ′ − 3ρ′)Ψ2 − (ð− 2τ)Ψ3 + 2κ
′Ψ1 − σΨ4]ι(BoCD)o¯B′
+[(þ′ − 4ρ′)Ψ3 − (ð− τ)Ψ4 + 3κ
′Ψ2]oBCD o¯B′
−[(þ− 4ρ)Ψ1 − (ð
′ − τ ′)Ψ0 + 3κΨ2]ιBCD ι¯B′
+3[(þ− 3ρ)Ψ2 − (ð
′ − 2τ ′)Ψ1 + 2κΨ3 − σ
′Ψ0]ι(BCoD)ι¯B′
−3[(þ− 2ρ)Ψ3 − (ð
′ − 3τ ′)Ψ2 + κΨ4 − 2σ
′Ψ1]ι(BoCD)ι¯B′
+[(þ− ρ)Ψ4 − (ð
′ − 4τ ′)Ψ3 − 3σ
′Ψ2]oBCD ι¯B′ , (2.28)
where ιABC = ιAιBιC , ιAB = ιAιB, oABC = oAoBoC and oAB = oAoB. The
Dirac and Maxwell equations and the vacuum Bianchi identities of the GHP
formalism are given simply by setting all previous components equal to zero
independently.
2.3 The Teukolsky equations
The Teukolsky equations [31], which were originally found by using the
Newman-Penrose formalism, can be put in a compact form by using a mod-
ification of the covariant derivative (2.10). With this purpose we define the
1-form Bα by
BAA′ := −ριA ι¯A′ + τιAo¯A′ (2.29)
and, following [1], we introduce a new connection Γα := Bα − ωα on Ep,q;
explicitly:
Γα = (ǫ− ρ)nα − ǫ
′lα + β
′mα + (τ − β)m¯α. (2.30)
Since in the next sections we will work on the Dirac, Maxwell and Weyl
scalars, and they are all type {p, 0} quantities, we need only define the
weighted wave operator
T p := (∇
α + pΓα)(∇α + pΓα). (2.31)
Note thatT 0 ≡ . Its expression in terms of the weighted directional deriva-
tives is
T p = 2(þ− pρ− ρ¯)(þ
′ − ρ′)− 2(ð− pτ − τ¯ ′)(ð′ − τ ′)
+[(3p− 2)Ψ2 − 4Λ] + 2(p− 1)(κκ
′ − σσ′), (2.32)
where Λ = R/24, with R the Ricci scalar. The Teukolsky equations for a
field Φ(s) of spin weight s, on a background type D vacuum spacetime, are
then [9]
(T 2s − 4s
2Ψ2)Φ
(s) = 0. (2.33)
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We will see that several of the identities we will prove follow easily from
applying the prime operation to other identities. For this, we need to know
the behavior of T p under the prime operation. As proved in [1], acting on a
type {p, 0} quantity Φ, T p transforms as
T
′
pΦ
′ = Ψ
p/3
2 T−p(Ψ
−p/3
2 Φ
′). (2.34)
2.4 Petrov type D spacetimes
In the Petrov classification of spacetimes, type D spaces are characterized by
the existence of two (repeated) principal null directions (PNDs). As men-
tioned, the Kerr-Newman-(A)dS family of stationary, electrovacuum black
hole solutions belongs to this class. Aligning a spin dyad {oA, ιA} to the
PNDs, several of the GHP coefficients and Weyl scalars vanish:
κ = κ′ = σ = σ′ = 0 = Ψ0 = Ψ1 = Ψ3 = Ψ4, (2.35)
Ψ2 = ψABCDo
AoBιCιD 6= 0. (2.36)
The Weyl curvature spinor has the explicit form
ψABCD = 6Ψ2o(AoBιCιD), (2.37)
and the Bianchi identities of a λ-vacuum, type D spacetime are simply
þΨ2 = 3ρΨ2, ðΨ2 = 3τΨ2 (2.38)
and their primed versions. If we introduce a 1-form AAA′ as
AAA′ := Ψ
1/3
2 ∇AA′Ψ
−1/3
2 , (2.39)
Bianchi identities imply that
AAA′ = −ριA ι¯A′ − ρ
′oAo¯A′ + τ
′oAι¯A′ + τιAo¯A′, (2.40)
Expressions (2.40) and (2.39) will be both very useful in the applications.
A very important property of λ-vacuum type D spaces, is that they admit a
2-index Killing spinor, namely a symmetric spinor KAB = K(AB) satisfying
the twistor equation
∇C′(CKAB) = 0, (2.41)
see [33] (also [27, section 6.7]). The explicit form of KAB in the principal
dyad {oA, ιA} is
KAB = kΨ
−1/3
2 o(AιB), (2.42)
17
where k is an arbitrary complex constant. This object is associated to several
kind of symmetries and ‘hidden’ symmetries of the spacetime, as we briefly
recall in the following. Taking the divergence of (2.42) in an unprimed index,
we get ξAA
′
≡ ∇BA
′
KB
A, which turns out to be complex a Killing vector [27,
Proposition (6.7.17)], and in the case of the Kerr solution it is proportional
to the (asymptotically) timelike Killing field. The tensor fields associated to
KAB are the 2-forms
Yαβ = iKAB ǫ¯A′B′ − iK¯A′B′ǫAB, (2.43)
∗Yαβ = KAB ǫ¯A′B′ + K¯A′B′ǫAB, (2.44)
and they turn out to be conformal Killing-Yano tensors. In the case in which
ξα is real (for example in the Kerr and Schwarzschild solutions), Yαβ is an
ordinary Killing-Yano tensor:
∇(αYβ)γ = 0 (2.45)
(see [23] for a thorough account of these tensor fields in the Kerr case).
In [22] it was shown that Yαβ generates conserved supercharges for the su-
persymmetric extension of the geodesic motion (see also [30] where further
applications of Killing-Yano tensors are discussed). On the other hand, the
square Hαβ = YαγY
γ
β is a Killing tensor, ∇(αHβγ) = 0, whose existence in
the Kerr spacetime allows to completely integrate the geodesic equation [33].
Finally, the vector ηα = Hαβξβ is also a Killing vector (which is linearly in-
dependent from ξα in the Kerr case, and it is zero in Schwarzschild). Apart
from subsection 4.1.1 below, in this work we do not assume that the Killing
vector ξα is real.
The Weyl spinor (2.37) of a type D space can be written in terms of the
Killing spinor (2.42) in the form
ψABCD =
6
k2
Ψ
5/3
2 KABKCD −
1
2
Ψ2(ǫADǫCB + ǫACǫDB). (2.46)
This leads to the following expression for the anti-self-dual Weyl tensor in
terms of the Killing-Yano tensors
C˜αβγδ = −
6
k2
Ψ
5/3
2 Y˜αβY˜γδ +Ψ2(gα[γgδ]β +
i
2
ǫαβγδ), (2.47)
where
Y˜αβ :=
1
2
(Yαβ + i
∗Yαβ). (2.48)
We recall that, according to our conventions, we have
C˜αβγδ =
1
2
(Cαβγδ + i
∗Cαβγδ). (2.49)
Formula (2.47) will be particularly useful in section 6, where we explicitly
evaluate our results in the Schwarzschild-(A)dS spacetime.
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2.5 Adjoint operators
In this subsection we review Wald’s idea of adjoint operators [34], since it
plays a central role in this work. Suppose that we are interested in solutions f
of the differential equation E(f) = 0, where E is a linear differential operator
acting on a (spinorial/tensorial) field f . Suppose also that there exist a new
variable of the form T (f), and linear differential operators S and O such
that, for all f (not only for solutions of E(f) = 0), the following equality
holds:
SE(f) = OT (f). (2.50)
Then if f is a solution of E(f) = 0, Ψ = T (f) satisfies the equation O(Ψ) =
0. Furthermore, given that (2.50) is valid for all f , we may introduce a
hermitian inner product 〈·, ·〉 and define the adjoint of an operator A as
〈f, Ag〉 = 〈A†f, g〉; and, since (AB)† = B†A†, we have the adjoint of equation
(2.50):
E †S†(Φ) = T †O†(Φ). (2.51)
This implies that a solution Φ of O†(Φ) = 0 generates a solution of E †(χ) = 0,
where χ = S†(Φ). Therefore, if the adjoint operators have a particularly
useful form, we obtain in this way a mechanism for generating solutions
of differential equations from solutions of other equations. In practice, the
hermitian product we will use is given by
〈f, g〉 =
∫
M
f¯ g, (2.52)
where a total contraction of all the indices of f and g is understood. We
will further assume that all fields decay to zero at infinity, so that divergence
terms will be neglected.
In the next sections, we apply this idea to spinor fields of spin 1
2
, 1 and
2. The decoupled equations for Dirac, Maxwell and linearized gravitational
fields on vacuum type D spacetimes with cosmological constant can be ob-
tained from linear differential operators, acting on the corresponding spinor
fields, that have a generic form. More precisely, for a totally symmetric spinor
φA1...A2s = φ(A1...A2s), we will show that applying the operator given by
Ψ
2s/3
2 P
B1A2...A2s
(s,s) ∇
B′
B1
(
Ψ
−2s/3
2 ∇
A1
B′ φA1A2....A2s
)
(2.53)
where
PA1...A2s(s,s) :=
(2s)!
(s−s)!(s+s!)
Ψ
(s−s)/3
2 ι
(A1 ...ιAs−soAs−s+1...oA2s), (2.54)
and then linearizing around a type D λ-vacuum background, the result is
a decoupled equation for the spin weight s component of the field, with
19
s = 0,±s. Since we are assuming a λ-vacuum solution with no background
spin s = 1
2
or s = 1 fields, the linearization is actually only needed for spin
s = 2, and we mention that in this case it should be understood in a ‘tensor
sense’6, that is to say, we linearize tensor quantities (we can do this because
integer spin fields can be equivalently described by either spinor or tensor
fields). We note that, writing (2.53) in the form PA1...A2s(s,s) (Qφ)A1...A2s, where
(Qφ)A1...A2s := Ψ
2s/3
2 ∇
B′
(A1
(
Ψ
−2s/3
2 ∇
B
|B′|φA2....A2s)B
)
, (2.55)
the operator Q coincides with the operator (2.13) recently presented in [2]7
(we also note that in this last reference, Wald’s method of adjoint operators is
also applied to construct higher order symmetry operators for the Teukolsky
equations and the Teukolsky-Starobinsky identities in the cases of spins 1
and 2). The following sections are therefore mostly dedicated to prove that
the linearization of
PA1...A2s(s,s) (Qφ)A1...A2s = Ψ
2s/3
2 P
B1A2...A2s
(s,s) ∇
B′
B1
(
Ψ
−2s/3
2 ∇
A1
B′ φA1A2....A2s
)
(2.56)
leads to decoupled equations for (rescaled) components of the field φA1...A2s,
i.e., to prove theorems 1.1, 1.2 and 1.3.
The only cases we will not worry about in this work are (s = 2, s = ±1),
which correspond to the linearized Weyl scalars Ψ˙1 and Ψ˙3; this is because
they do not satisfy decoupled equations, as showed in [1]. On the other hand,
we note that for spins s = 1, 2 and spin-weight s = 0, (2.54) turns out to
be a Killing spinor, which explains the appearance of this object on the field
equations for s = 0 in the Maxwell and linearized gravity systems.
We finally mention that, in the next sections, the operator O of (2.50)
will always have the form of the modified wave operator (2.31) (for some
weight p) plus a (complex) potential V ,
O = T p + V. (2.57)
Using thatT p = (∇
α+pΓα)(∇α+pΓα), the adjoint O
† with respect to (2.52)
is easily calculated as
O† = ¯T−p + V¯ , (2.58)
an identity that will be extensively used in the next sections when calcu-
lating adjoint equations. This adjointness property is very important in the
Teukolsky system, see [34] and the recent article [2].
6this is because the linearization of a spinor is a rather delicate issue, see [7].
7I thank T. Bäckdahl for this observation.
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3 Dirac fields on type D spaces
In this section we prove the theorem 1.1 for spin s = 1
2
, which corresponds to
massless Dirac fields. We recall that we use two-component (Weyl) spinors,
corresponding to the (1
2
, 0) (or (0, 1
2
)) irreducible representation of SL(2,C).
As is well-known, Dirac spinors, more commonly used in quantum field the-
ory, transform under the (reducible) representation (1
2
, 0)⊕ (0, 1
2
).
For notational convenience we define
PB
( 1
2
,s)
=:
s
P
B, s = ±1
2
. (3.1)
Then, according to (2.54), we have
1
2
P
B = oB,
− 1
2
P
B = Ψ
−1/3
2 ι
B. (3.2)
Theorem 3.1 (spin s = 1
2
). Consider a vacuum spacetime of Petrov type D
with cosmological constant λ, and let s = ±1
2
. Then for all spinor field χA,
the following equality holds:
SD,sED(χA) = OD,sTD,s(χA), (3.3)
where the linear differential operators are
SD,s(JB′) := Ψ
1/3
2
s
P
B∇B
′
B [Ψ
−1/3
2 JB′ ], (3.4)
ED(χA) := ∇
A
B′χA, (3.5)
OD,s(Φ) := (T 2s −Ψ2 +
2
3
λ)Φ, (3.6)
TD,s(χA) := −
1
2
s
P
AχA. (3.7)
Proof. Consider first the spin weight s = 1
2
case. Using the expression (2.39)
for the 1-form Aα, we have
SD, 1
2
ED(χA) = o
B∇B
′
B ∇
A
B′χA + o
BAB
′
B ∇
A
B′χA. (3.8)
For the term with second derivatives of χA, we use Leibniz rule:
oB∇B
′
B ∇
A
B′χA = ∇
B′
B (o
B∇AB′χA)− (∇
B′
B o
B)(∇AB′χA). (3.9)
The first term on the RHS of this equation gives:
∇B
′
B (o
B∇AB′χA) = −∇CC′(o
C ǫ¯C
′B′∇AB′χA)
= −∇CC′(o
C o¯C
′
ι¯B
′
∇AB′χA) +∇CC′(o
C ι¯C
′
o¯B
′
∇AB′χA)
= −(D + (∇αl
α))[ι¯B
′
∇AB′χA] + (δ + (∇αm
α))[o¯B
′
∇AB′χA]
= −(D + ǫ+ ǫ¯− ρ− ρ¯)[ι¯B
′
∇AB′χA]
+(δ + β + β¯ ′ − τ − τ¯ ′)[o¯B
′
∇AB′χA]
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where we have used (2.6) for the relation between the dyad and the tetrad
vectors, and also expressions (A.14) and (A.16) for the divergence of the
tetrad. For the second term in (3.9) we use equation (A.10) for the derivative
of oB, then
− (∇B
′
B o
B)(∇AB′χA) = −(β − τ)o¯
B′∇AB′χA + (ǫ− ρ)ι¯
B′∇AB′χA. (3.10)
For the term with first derivatives of χA in (3.8), we use the expression (2.40)
of Aα, which implies
oBAB
′
B = ρι¯
B′ − τ o¯B
′
. (3.11)
Combining with the previous calculations, using (2.11)-(2.12) for the defini-
tion of the weighted derivatives þ and ð, and (2.26) for the corresponding
components of ∇AB′χA, we have
SD, 1
2
ED(χA) = −(D + ǫ¯− ρ− ρ¯)[ι¯
B′∇AB′χA] + (δ + β¯
′ − τ − τ¯ ′)[o¯B
′
∇AB′χA]
= −(þ− ρ− ρ¯)[ι¯B
′
∇AB′χA] + (ð− τ − τ¯
′)[o¯B
′
∇AB′χA]
= −(þ− ρ− ρ¯)[(þ′ − ρ′)χ0 − (ð− τ)χ1]
+(ð− τ − τ¯ ′)[(þ− ρ)χ1 − (ð
′ − τ ′)χ0]
= −[(þ− ρ− ρ¯)(þ′ − ρ′)− (ð− τ − τ¯ ′)(ð′ − τ ′)]χ0
+[(þ− ρ− ρ¯)(ð− τ)− (ð− τ − τ¯ ′)(þ− ρ)]χ1. (3.12)
Using the explicit expression for the weighted wave operator (2.32) with
p = 1, we see that the term with χ0 in the previous equation is just
− [(þ−ρ− ρ¯)(þ′−ρ′)−(ð−τ− τ¯ ′)(ð′−τ ′)]χ0 = −
1
2
(T 1−Ψ2+
2
3
λ)χ0. (3.13)
For the term with χ1, we use the commutation relation (2.25) with a = 1:
[(þ− ρ− ρ¯)(ð− τ)− (ð− τ − τ¯ ′)(þ− ρ)]χ1
= [þ− ρ, ð− τ ]χ1 − ρ¯(ð− τ)χ1 + τ¯
′(þ− ρ)χ1 ≡ 0, (3.14)
and therefore we finally obtain
SD, 1
2
ED(χA) = −
1
2
(T 1 −Ψ2 +
2
3
λ)χ0. (3.15)
For the spin weight s = −1
2
case, we just have to apply the prime opera-
tion and use formula (2.34) for the transformation law of T 1:
SD,− 1
2
ED(χA) = −
1
2
(T−1 −Ψ2 +
2
3
λ)[Ψ
−1/3
2 χ1]. (3.16)
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In order to generate Dirac fields from solutions of the decoupled equations,
we take the adjoint equation to (3.3) in the manner described in subsection
2.5 (in particular we use (2.58)), this gives
−∇B
′
B [S
†
D,s(Φ)]
B = −1
2
s
P¯ B
′
(¯T−2s − Ψ¯2 +
2
3
λ)Φ, (3.17)
where
[S†D,s(Φ)]
B = Ψ¯
−1/3
2 ∇
BB′ [Ψ¯
1/3
2
s
P¯B′ Φ]. (3.18)
Equation (3.17) implies then the following corollary:
Corollary 3.2. Let Φ be a solution to the decoupled equation O¯D,−s(Φ) = 0,
which is the spin weight ∓1
2
Teukolsky equation for s = ±1
2
, in a λ-vacuum
type D spacetime. Then:
1. The spinor field
s
φA (Φ) = Ψ¯
−1/3
2 ∇
B′
A [Ψ¯
1/3
2
s
P¯B′ Φ] (3.19)
is a solution to the massless Dirac equation, ∇AA
′
s
φA = 0.
2. The operator AD,s defined by
AD,s(Φ) =
s
P
A
s
φA (Φ) (3.20)
maps solutions of OD,s(Φ) = 0 into solutions of O¯D,−s(Φ) = 0.
For further symmetry operators for the massless Dirac equation, we refer
to [4] (and references therein).
4 Maxwell fields on type D spaces
We now prove the theorem of spin s = 1, corresponding to Maxwell fields.
The proof is very similar to the previous case, in the sense that the manipu-
lations for extreme spin weight are the same. For spin weight zero, the proof
can be done either by the same lines or by using the fact that the correspond-
ing object is a Killing spinor.
Once more, for notational convenience we define
PAB(1,s) =:
s
P
AB, s = 0,±1. (4.1)
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Explicitly, we have
1
P
AB = oAoB =: oAB, (4.2)
0
P
AB = 2Ψ
−1/3
2 o
(AιB), (4.3)
−1
P
AB = Ψ
−2/3
2 ι
AιB =: Ψ
−2/3
2 ι
AB. (4.4)
Note that
0
PAB coincides with the Killing spinor (2.42) (with k = 2).
We recall that for spin weight s = ±1, theorem 1.2 should give us the s = ±1
Teukolsky equations for electromagnetic perturbations, while for s = 0 we
should obtain the Fackerell-Ipser equation. This is summarized as follows:
Theorem 4.1 (spin s = 1). Consider a vacuum spacetime of Petrov type
D with cosmological constant λ, and let s = 0,±1. Then for all symmetric
spinor field φAB = φ(AB), the following equality holds:
SM,sEM(φAB) = OM,sTM,s(φAB), (4.5)
where the linear differential operators are
SM,s(JB′B) := Ψ
2/3
2
s
P
AB∇B
′
A [Ψ
−2/3
2 JB′B], (4.6)
EM(φAB) := ∇
A
B′φAB, (4.7)
OM,s(Φ) :=
(
T 2s + 2(1− 3s
2)Ψ2 +
2
3
λ
)
Φ, (4.8)
TM,s(φAB) := −
1
2
s
P
ABφAB. (4.9)
Proof. We start with the spin weight s = 1 case:
SM,1EM(φAB) = (o
BC∇B
′
C + 2o
BCAB
′
C )∇
A
B′φAB
= oBC∇B
′
C ∇
A
B′φAB + 2o
BCAB
′
C ∇
A
B′φAB, (4.10)
where we have used the expression (2.39) for the 1-form AAA′. Leibniz rule
for the term with second derivatives of φAB gives:
oBC∇B
′
C ∇
A
B′φAB = ∇
B′
C (o
BC∇AB′φAB)− (∇
B′
C o
BC)(∇AB′φAB). (4.11)
The first and second terms in the right hand side of this equation are treated
in a similar way as was done for the Dirac case in equation (3.9); using
expressions for derivatives of the dyad spinors and tetrad vectors given in
appendix A.2, we get
oBC∇B
′
C ∇
A
B′φAB = −(þ− ρ¯)[o
B ι¯B
′
∇AB′φAB] + (ð− τ¯
′)[oB o¯B
′
∇AB′φAB], (4.12)
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where we have also used the definition of the operators (2.11)-(2.12) acting
on the corresponding weighted quantities. On the other hand, using the
expression (2.40) for Aα, the second term in (4.10) is
2oBCAB
′
C ∇
A
B′φAB = 2ρo
B ι¯B
′
∇AB′φAB − 2τo
B o¯B
′
∇AB′φAB. (4.13)
Thus:
SM,1EM(φAB) = −(þ− 2ρ− ρ¯)[o
B ι¯B
′
∇AB′φAB] + (ð− 2τ − τ¯
′)[oB o¯B
′
∇AB′φAB].
(4.14)
Now we use the formula (2.27) for expressing oB ι¯B
′
∇AB′φAB and o
B o¯B
′
∇AB′φAB
in GHP form; the result, after reordering terms in φ0, φ1 and φ2, is:
SM,1EM(φAB) = −[(þ− 2ρ− ρ¯)(þ
′ − ρ′)− (ð− 2τ − τ¯ ′)(ð′ − τ ′)]φ0
+[(þ− 2ρ− ρ¯)(ð− 2τ)− (ð− 2τ − τ¯ ′)(þ− 2ρ)]φ1
+(þ− 2ρ− ρ¯)[σφ2]− (ð− 2τ − τ¯
′)[κφ2].
For the term with φ0, using (2.32) we see that
− [(þ− 2ρ− ρ¯)(þ′ − ρ′)− (ð− 2τ − τ¯ ′)(ð′ − τ ′)]φ0
= −1
2
(T 2 − 4Ψ2 +
2
3
λ)φ0 + 2(κκ
′ − σσ′)φ0. (4.15)
The term with φ1 identically vanishes because of (2.25) with a = 2, similarly
as in (3.14). Finally, using (2.35) for a type D background, we get:
SM,1EM(φAB) = −
1
2
(T 2 − 4Ψ2 +
2
3
λ)φ0. (4.16)
This completes the proof of spin weight s = 1. For s = −1, as with the
Dirac case, the corresponding identity follows by applying a prime to the
previous equation and using (2.34) with p = 2.
Consider now the spin weight s = 0 case. We will use the fact that
0
PAB
in (4.3) coincides with the Killing spinor (2.42),
0
PAB ≡ KAB. (4.17)
We have:
SM,0EM(φAB) = Ψ
2/3
2 K
BC∇B
′
C [Ψ
−2/3
2 ∇
A
B′φAB]
= KBC∇B
′
C ∇
A
B′φAB + 2K
BCAB
′
C ∇
A
B′φAB
= −1
2
KABφAB + 2K
BC
CAφ
A
B + 2K
BCAB
′
C ∇
A
B′φAB.
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Using the explicit action of the curvature operator CA, we get
SM,0EM(φAB) = −
1
2
KABφAB +K
BC [XCAD
AφDB −XCAB
DφAD]
+2KBCAB
′
C ∇
A
B′φAB
= −1
2
KABφAB +K
AB[−R
6
φAB + ψABCDφ
CD]
+2KBCAB
′
C ∇
A
B′φAB,
where we have used the identity (A.5), together with the decomposition (A.4)
of the curvature spinor XABCD. Now, the identities (A.18) and (A.20) for
the Killing spinor allow us to write
−1
2
KABφAB = −
1
2
(KABφAB) +
1
2
φABK
AB +∇C
′CKAB∇C′CφAB
= −1
2
(− 2Ψ2 −
R
6
)KABφAB +
2
3
∇C
′DKD
A∇BC′φAB.
Furthermore, using (A.21) and the definition of AAA′ it is easy to see that
KBCAB
′
C =
1
3
∇B
′
C K
BC ; then combining with (A.19) we finally have
SM,0EM(φAB) = −
1
2
(− 2Ψ2 −
R
6
)KABφAB +
2
3
∇C
′DKD
A∇BC′φAB
−(2Ψ2 +
R
6
)KABφAB +
2
3
∇B
′
C K
BC∇AB′φAB
= −1
2
(+ 2Ψ2 +
R
6
)KABφAB.
Finally, replacing R = 4λ we obtain the desired formula.
Now we want to see how to generate Maxwell fields from solutions of the
decoupled equations. If we take the adjoint equation to (4.5), we get
−∇A(A
′
[S†M,s(Φ)]
B′)
A = −
1
2
s
P¯ A
′B′
(
¯T−2s + 2(1− 3s
2)Ψ¯2 +
2
3
λ
)
Φ, (4.18)
where
[S†M,s(Φ)]
BB′ = −Ψ¯
−2/3
2 ∇
B
A′ [Ψ¯
2/3
2
s
P¯ A
′B′Φ]. (4.19)
This implies that if Φ is a solution to O¯M,−s(Φ) = 0, then
∇A(A
′
[S†M,s(Φ)]
B′)
A = 0. (4.20)
Evidently, these are not Maxwell equations. In order to construct a Maxwell
field, we need the following lemma:
Lemma 4.1. Let αA
′
A be a solution of ∇
A(B′α
A′)
A = 0 on an arbitrary space-
time. Then φAB := ∇(A|B′|α
B′
B) is a Maxwell field, ∇
AA′φAB = 0.
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Proof. If αA
′
A satisfies ∇
A(A′α
B′)
A = 0, then taking an additional derivative it
is easy to see that
0 = −1
2
αA
′
B + ΦBAQ′
A′αQ
′A − R
8
αA
′
B +∇BB′∇
A′
A α
B′A. (4.21)
On the other hand, if φAB = ∇(A|A′|α
A′
B), then
2∇AA
′
φAB =
1
2
αA
′
B − ΦBAQ′
A′αQ
′A + R
8
αA
′
B −∇
A′
A ∇BB′α
B′A.
Note that the only difference between this equation and (4.21) is, besides a
global sign, the order of the derivatives in the last term on the right hand
side. Using (A.3), we have
∇A
′
A ∇BB′α
B′A = ǫ¯A
′C′(∇BB′∇AC′ + ǫ¯C′B′AB + ǫABC′B′)α
B′A
= ǫ¯A
′C′
[
∇BB′∇AC′α
B′A + ǫ¯C′B′
(
ΦABQ′
B′αQ
′A +XABQ
AαB
′Q
)
+ǫAB
(
X¯C′B′Q′
B′αQ
′A + ΦC′B′Q
AαB
′Q
)]
= ∇BB′∇
A′
A α
B′A,
where the identity (A.5) and its complex conjugate were also used in the
intermediate steps. It follows that
∇AA
′
φAB = 0.
Combining theorem (4.1) with the results of the previous lemma, we have
the following corollary:
Corollary 4.2 (Spinor version). Consider a vacuum type D spacetime with
cosmological constant λ. Let Φ be a solution of the decoupled equation O¯M,−s(Φ) =
0, which is the spin weight ∓1 Teukolsky equation for s = ±1, and the
Fackerell-Ipser equation for s = 0. Then:
1. The spinor field
s
φAB (Φ) = −2∇B′(A
[
Ψ¯
−2/3
2 ∇B)C′ [Ψ¯
2/3
2
s
P¯ B
′C′Φ]
]
(4.22)
is a solution to Maxwell equations, ∇AA
′
φAB = 0.
2. The operator AM,s defined by
AM,s(Φ) =
s
P
AB
s
φAB (Φ) (4.23)
maps solutions of OM,s(Φ) = 0 into solutions of O¯M,−s(Φ) = 0.
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We refer once more to [4] for further symmetry operators for Maxwell
equations. We also note the recent work [2] in which symmetry operators for
spin 1 and the connection with Teukolsky systems and Debye potentials are
studied.
4.1 Tensor expressions
We now put in tensor form the spinor expressions for the Maxwell field. First,
we need to introduce the anti-self-dual 2-form
s
P αβ :=
s
PAB ǫ¯A′B′ , s = 0,±1, (4.24)
or, explicitly,
+1
P αβ := 2l[αmβ], (4.25)
0
Pαβ := 2Ψ
−1/3
2 (l[αnβ] + m¯[αmβ]), (4.26)
−1
P αβ := 2Ψ
−2/3
2 m¯[αnβ]. (4.27)
Note that (4.26) is the tensor version of the Killing spinor (2.42), therefore,
it is the sum of a Killing-Yano tensor and its dual,
0
Pαβ = −
i
2
(Yαβ + i
∗Yαβ). (4.28)
The tensor version of corollary 4.2 is the following:
Corollary 4.2′ (Tensor version). Consider a vacuum type D spacetime with
cosmological constant λ. Let Φ be a solution to O¯M,−s(Φ) = 0, which is
the spin weight ∓1 Teukolsky equation for s = ±1, and the Fackerell-Ipser
equation for s = 0. Then:
1. The tensor field
s
F˜ αβ (Φ) =
s
Eαβ(Φ)− i
s
∗Eαβ (Φ), (4.29)
where
s
Eαβ (Φ) = −2∇[α[Ψ
−2/3
2 ∇
γ(
s
P β]γΨ
2/3
2 Φ)]. (4.30)
is a (complex) solution to Maxwell equations, ∇α
s
F˜ αβ = 0.
2. The operator defined by
AM,s(Φ) =
1
2
s
P
αβ
s
F˜ αβ (Φ) (4.31)
maps solutions of OM,s(Φ) = 0 into solutions of O¯M,−s(Φ) = 0.
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Proof. We need only translate the spinor expressions into tensor form. It is
easy to see that
−2∇[α[Ψ¯
−2/3
2 ∇
γ(
s
P¯ β]γΨ¯
2/3
2 Φ)] = ǫ¯A′B′∇D′(A[Ψ¯
−2/3
2 ∇
C′
B)(
s
P¯C′
D′Ψ¯
2/3
2 Φ)]
+ǫAB∇D(A′ [Ψ¯
−2/3
2 ∇
C′D(
s
P¯B′)C′Ψ¯
2/3
2 Φ)]
(4.32)
The dual to this 2-form is (see e.g. [26, Eq.(3.4.22)])
−ǫαβ
γδ∇γ[Ψ¯
−2/3
2 ∇
ǫ(
s
P¯ δǫΨ¯
2/3
2 Φ)] = −iǫ¯A′B′∇D′(A[Ψ¯
−2/3
2 ∇
C′
B)(
s
P¯C′
D′Ψ¯
2/3
2 Φ)]
+iǫAB∇D(A′ [Ψ¯
−2/3
2 ∇
C′D(
s
P¯B′)C′Ψ¯
2/3
2 Φ)]
(4.33)
Recalling the expression (4.22) for
s
φAB we get:
s
φAB ǫ¯A′B′ = −2∇[α[Ψ¯
−2/3
2 ∇
γ(
s
P¯ β]γΨ¯
2/3
2 Φ)] + iǫαβ
γδ∇γ [Ψ¯
−2/3
2 ∇
ǫ(
s
P¯ δǫΨ¯
2/3
2 Φ)],
(4.34)
which implies that
s
F˜ αβ (Φ) =
s
φAB ǫ¯A′B′ =
s
Eαβ(Φ)− i
s
∗Eαβ (Φ), (4.35)
where
s
Eαβ (Φ) = −2∇[α[Ψ¯
−2/3
2 ∇
γ(
s
P¯ β]γΨ¯
2/3
2 Φ)]. (4.36)
The proof of item 2. is immediate from corollary 4.2 and equation (4.24).
4.1.1 Spin weight zero
We now consider in more detail the spin weight s = 0 case of (4.22), in order
to understand the role that Killing spinors and Killing-Yano tensors have in
the description of the Maxwell field. In this subsection we assume that the
Killing vector ξAA
′
= ∇BA
′
KB
A is real. First, we need to put (4.22) (for
s = 0) in terms of the Killing-Yano tensor:
Lemma 4.2. The spinor field given by (4.22) with s = 0 can be rewritten as
0
φAB (Φ) = 2i∇
B′
A [YBB′CC′∇
CC′Φ] +KAB(+ 2Ψ2 +
2
3
λ)Φ, (4.37)
where Yαβ is the Killing-Yano tensor (2.43).
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Proof. We have
0
φAB(Φ) = −2∇B′(A
[
Ψ¯
−2/3
2 ∇B)C′ [Ψ¯
2/3
2 K¯
B′C′Φ]
]
= 4∇B′(A[A¯B)C′K¯
B′C′Φ]− 2∇B′(A∇B)C′(K¯
B′C′Φ).
Using (A.21) and the definition of the (real, Killing) vector ξAA
′
, we get
A¯BC′K¯
B′C′ = −1
3
ξB
′
B , and then
0
φAB(Φ) = −
4
3
∇B′(A[ξ
B′
B)Φ]− 2∇B′(A
[
(∇B)C′K¯
B′C′)Φ + K¯B
′C′∇B)C′Φ
]
= 8
3
ξA
′
(A∇B)A′Φ+
2
3
(∇B′(Aξ
B′
B))Φ− 2K¯
A′B′∇AA′∇BB′Φ
= 8
3
ξA
′
(A∇B)A′Φ+ (2Ψ2 +
R
6
)KABΦ− 2K¯
A′B′∇AA′∇BB′Φ (4.38)
where we also used (A.22) for the divergence of ξAA
′
. On the other hand,
2i∇B
′
(A[YB)B′CC′∇
CC′Φ] = 2i[∇B
′
(AYB)B′CC′]∇
CC′Φ + 2YB′(B
CC′∇B
′
A)∇CC′Φ
= −2∇B
′
(AKB)C ǫ¯B′C′∇
CC′Φ + 2∇B
′
(AK¯|B′C′|ǫB)C∇
CC′Φ
−2KBC ǫ¯B′C′∇
B′
A ∇
CC′Φ + 2K¯B′C′ǫBC∇
B′
A ∇
CC′Φ
= +2
3
ξC′(BǫA)C∇
CC′Φ− 2ξC′(A∇
C′
B)Φ−KABΦ
−2K¯A
′B′∇AA′∇BB′Φ
= 8
3
ξC
′
(A∇B)C′Φ−KABΦ− 2K¯
A′B′∇AA′∇BB′Φ.
(4.39)
Combining (4.38) and (4.39), (4.37) follows immediately.
Now we give the tensor form of (4.37). It is convenient to separate Φ into
its real and imaginary parts in the form Φ ≡ u+ iv, with u and v real scalar
fields.
Corollary 4.3. Let Φ = u+ iv be a solution of the Fackerell-Ipser equation
O¯M,0 = (+ 2Ψ¯2 +
2
3
λ)Φ = 0 on a λ-vacuum type D spacetime, then:
1. The tensor field Fαβ(Φ) = Eαβ(u)−
∗Eαβ(v), where
∗Eαβ(v) = −4∇[α(Yβ]
γ∇γv)− 4Im(Ψ2)
∗Yαβv, (4.40)
is a solution to Maxwell equations, ∇αFαβ = 0 = ∇
α∗Fαβ.
2. The operator AM,0 defined by
AM,0(Φ) = −(Y
αβ + i∗Y αβ)∇α(Yβ
γ∇γΦ)− 8iIm(Ψ2)Ψ
−2/3
2 Φ (4.41)
maps solutions of O¯M,0(Φ) = 0 into solutions of OM,0(AM,0(Φ)) = 0.
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We note that several simplifications in the above formulae occur in the case
in which Ψ2 is real. In the first place, the second terms in the RHS of (4.40)
and (4.41) vanish. Furthermore, using (2.43), (2.44) and (2.42) (for k = 2),
it is not difficult to see that
∗Y αβYβ
γ = −2Im(Ψ
−2/3
2 )g
αγ, (4.42)
Yβ
γξβ = −3∇γIm(Ψ
−2/3
2 ), (4.43)
and then
AM,0(Φ) = −Y
αβ∇α(Yβ
γ∇γΦ), Ψ2 ∈ R, (4.44)
which coincides with the well-known Carter operator [11]. The most impor-
tant case in our present work in which Ψ2 is real is the Schwarzschild solution,
where the Carter operator coincides in turn with the laplacian on the sphere.
These observations are relevant in section 6.1, where we apply our general
results to Maxwell fields on the Schwarzschild-(A)dS solution.
5 Gravitational perturbations of type D spaces
We now turn our attention to linearized gravity on curved, Petrov type D
backgrounds, which include the stationary, λ-vacuum black hole solutions
of the Kerr-(A)dS family. Metric perturbations of rotating black holes are
traditionally studied by the Teukolsky equations [31], which are decoupled,
separable differential equations for the extreme perturbed Weyl scalars Ψ˙0
and Ψ˙4. These fields have the desirable property of being tetrad and co-
ordinate gauge invariant. The spin weight zero Weyl scalar Ψ˙2 (which is
just tetrad gauge invariant), on the other hand, has proven to be useful in
the spherically symmetric case [15], since, for the odd sector of gravitational
perturbations of the Schwarzschild black hole, (a rescaled version of) the
imaginary part ImΨ˙2 is gauge invariant, satisfies a wave-like equation (1.1),
and encodes all the information of the gravitational perturbation (in [15] it
is used as the linearization of a curvature invariant, an identity valid for all
type D spacetimes). Furthermore, the perturbed metric can be reconstructed
from this quantity in a covariant, compact form (1.2). The application of the
spin s = 2 theorem 1.3′ will allow us to find the origin of this reconstruction,
as well as similar covariant, compact maps from solutions of the Teukolsky
equations to metric perturbations.
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5.1 The Bianchi identities and the linearized Einstein
tensor
We now explain how to relate off-shell the decoupled equations for perturbed
Weyl scalars to the linearized Einstein equations. For this we use the Bianchi
identities. As these identities are a consequence of the definition of the cur-
vature tensor, ∇[αRβγ]δǫ = 0, they are valid in a generic spacetime regardless
of the field equations. Contracting with the metric, they imply
∇δRαβγδ = −2∇[αRβ]γ, (5.1)
or, in terms of the Weyl tensor,
∇δCαβγδ = −∇[αRβ]γ − gγ[α∇
δRβ]δ +
1
3
gγ[α∇β]R. (5.2)
Consider now a linear, covariant differential operator Oαβγ = O[αβ]γ, with
gαγO
αβγ = 0. Applying Oαβγ to the previous identity, one gets
Oαβγ∇δCαβγδ = −O
αβγ∇αRβγ . (5.3)
Note that the trace-free condition of the operator Oαβγ implies that we can
add to Rαβ a term proportional to the metric; this way we can replace Rαβ
with the Einstein tensor and add a cosmological constant term:
Oαβγ∇δCαβγδ = −O
αβγ∇α(Gβγ + λgβγ). (5.4)
We claim that this equation is the key to relate the decoupled equations
for the perturbed Weyl scalars to the linearized Einstein equations. In the
following section we will choose Oαβγ such that the left hand side of (5.4)
is a decoupled equation for some Weyl scalar plus additional terms that
vanish when linearizing. On the other hand, if we linearize the right hand
side of (5.4) around a λ-vacuum solution, the linearization operator d
dǫ
|ǫ=0
commutes with Oαβγ∇α (because (Gαβ + λgαβ)|ǫ=0 = 0) and we are left with
a background operator acting on the linearized Einstein tensor:
d
dǫ
∣∣
ǫ=0
[
Oαβγ∇δCαβγδ
]
= −Oαβγ∇α
[
d
dǫ
∣∣
ǫ=0
(Gβγ + λgβγ)
]
. (5.5)
The operator Oαβγ will have the generic form
Oαβγ = W αβγµ(∇µ + nAµ), (5.6)
for some constant n, where W αβγµ has the symmetries of the Weyl tensor,
and the 1-form Aµ is the tensorial counterpart of the spinor AAA′ introduced
before.
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We find that the calculations are most easily performed using the Bianchi
identities in spinor form. Following [26], contracting with the volume form
they are equivalent to ∇α∗Rαβγδ = 0, where
∗Rαβγδ is the left-dual Riemann
tensor, ∗Rαβγδ =
1
2
ǫαβ
µνRµνγδ. In spinor terms (see [26, section 4.10]), one
gets
∇AB′ψABCD = ∇
A′
B ΦCDA′B′ − 2ǫB(C∇D)B′Λ, (5.7)
where Λ = R/24 (with R the curvature scalar), and ΦCDA′B′ is the spinor
analogue of the trace-free Ricci tensor,
ΦABA′B′ = −
1
2
RABA′B′ +
R
8
ǫAB ǫ¯A′B′ . (5.8)
If we apply a linear differential spinor operator OB
′BCD = OB
′(BCD) in (5.7),
the trace part vanishes because of the symmetries of OB
′BCD, and, analo-
gously as in (5.4), we can replace ΦCDA′B′ with the Einstein tensor plus a
cosmological constant term:
OB
′BCD∇AB′ψABCD = −
1
2
OB
′BCD∇A
′
B (GCDA′B′ + λǫCD ǫ¯A′B′). (5.9)
5.2 The decoupled equations
In [1], decoupled equations for all the perturbed Weyl scalars are obtained,
assuming that the linearized Einstein equations are satisfied (that is, on-
shell). These equations are the Teukolsky equations for spin weight s = ±2,
corresponding to Ψ˙0 and Ψ˙4; the ‘linearized Fackerell-Ipser equation’ for spin
weight s = 0, which corresponds to Ψ˙2; and two more equations for spin
weight s = ±1 that are not decoupled in the sense that they involve perturbed
quantities other than the corresponding scalars Ψ˙1 and Ψ˙3. As we mentioned
in section 2.5, we will focus only in the spin weight s = 0,±2 cases. We
recall that, in what follows, all expressions containing linearization of spinors
are purely formal; they should be understood as the linearization of the
corresponding tensor expressions, which is always possible because we are
working with fields of integer spin (see for example footnote 8 below). On
the other hand, when linearizing tetrad components of tensors, we assume
that there is a monoparametric family {lα(ǫ), nα(ǫ), mα(ǫ), m¯α(ǫ)} such that,
in the background, {lα(0), nα(0), mα(0), m¯α(0)} is the principal tetrad of a
type D space. Thus, for example, when the quantity Ψ˙0 :=
d
dǫ
|ǫ=0Ψ0(ǫ)
appears below, one has
d
dǫ
|ǫ=0Ψ0(ǫ) =
d
dǫ
|ǫ=0(C˜αβγδl
αmβlγmδ)
= ( d
dǫ
|ǫ=0C˜αβγδ)(l
αmβlγmδ)|ǫ=0 + C˜αβγδ|ǫ=0
d
dǫ
|ǫ=0(l
αmβlγmδ)
(5.10)
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where (lαmβlγmδ)|ǫ=0 refers to the principal tetrad of the background. We
will not need to work explicitly with the perturbed tetrad.
We now demonstrate the spin s = 2 theorem 1.3, and in the following
subsection we use the Bianchi identities to relate the decoupled equations
for the Weyl scalars to the linearized Einstein equations (i.e. we evaluate
explicitly (5.9)).
The objects (2.54) for the s = 2 case are:
PA1A2A3A4(2,2) = o
A1oA2oA3oA4 =: oA1A2A3A4 , (5.11)
PA1A2A3A4(2,0) = 6Ψ
−2/3
2 o
(A1oA2ιA3ιA4) =: LA1A2A3A4 , (5.12)
PA1A2A3A4(2,−2) = Ψ
−4/3
2 ι
A1ιA2ιA3ιA4 =: Ψ
−4/3
2 ι
A1A2A3A4. (5.13)
Note that (5.12) is a four-index Killing spinor, ∇E′(ELABCD) = 0 (the product
of two KAB’s (2.42)). For spin weight s = ±2, theorem 1.3 give the s = ±2
Teukolsky equations for gravitational perturbations, while for s = 0 we obtain
the linearization of the Fackerell-Ipser operator.
Theorem 5.1 (spin s = 2). Let (Mǫ, gαβ(ǫ)) be a monoparametric family
of pseudo-Riemannian manifolds, analytic around ǫ = 0, such that gαβ(0)
satisfies the vacuum Einstein equations (with cosmological constant λ) and
is of Petrov type D. Let ψABCD be the Weyl curvature spinor of the metric
gαβ(ǫ), and let s = 0,±2, then the following equality holds:
d
dǫ
∣∣∣∣
ǫ=0
[SG,sEG(ψABCD)] =
d
dǫ
∣∣∣∣
ǫ=0
[OG,sTG,s(ψABCD)] , (5.14)
where the linear differential operators are
SG,s(JB′BCD) := Ψ
4/3
2 P
ABCD
(2,s) ∇
B′
A [Ψ
−4/3
2 JB′BCD], (5.15)
EG(ψABCD) := ∇
A
B′ψABCD, (5.16)
OG,s(Φ) :=
(
T 2s + 2(1−
9
4
s2)Ψ2 +
R
6
)
Φ, (5.17)
TG,s(ψABCD) := −
(3−|s|)
2
PABCD(2,s) ψABCD. (5.18)
Proof. We start by the spin weight s = +2 case. We have
SG,+2EG(ψABCD) =
[
oEBCD∇B
′
E + 4o
EBCDAB
′
E
]
∇AB′ψABCD
= oEBCD∇B
′
E ∇
A
B′ψABCD + 4o
EBCDAB
′
E ∇
A
B′ψABCD.
(5.19)
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Noting that (∇AB′ψABCD)|ǫ=0 = 0, we can evaluate the term o
EBCDAB
′
E in the
background; thus, using expression (2.40) for the 1-form AAA′, the second
term in the bottom line of (5.19) gives
4oEBCDAB
′
E ∇
A
B′ψABCD = 4(ρι¯
B′ − τ o¯B
′
)oBoCoD∇AB′ψABCD (5.20)
On the other hand, the term with second derivatives of ψABCD in (5.19) is
treated along similar lines as in the Dirac and Maxwell cases. Leibniz rule
gives
oEBCD∇B
′
E ∇
A
B′ψABCD = ∇
B′
E (o
EBCD∇AB′ψABCD)− (∇
B′
E o
EBCD)(∇AB′ψABCD),
(5.21)
and manipulations analogous to those performed in (3.9) lead to
oEBCD∇B
′
E ∇
A
B′ψABCD = −(þ− ρ¯)[o
BoCoD ι¯B
′
∇AB′ψABCD]
+(ð− τ¯ ′)[oBoCoDo¯B
′
∇AB′ψABCD]
where we used the definition of the operators (2.11) and (2.12). Combining
this expression with (5.20), we get
[
oEBCD∇B
′
E + 4o
EBCDAB
′
E
]
∇AB′ψABCD
= −(þ−4ρ−ρ¯)[oBoCoD ι¯B
′
∇AB′ψABCD]+(ð−4τ−τ¯
′)[oBoCoDo¯B
′
∇AB′ψABCD].
(5.22)
Now we just have to put in GHP form the spinor terms in the last expression,
for which we use (2.28), and then use the same arguments as in [1] in order
to arrive to the decoupled equation (we repeat them here for completeness).
Reordering terms in Ψ0, Ψ1 and Ψ2, we have[
oEBCD∇B
′
E + 4o
EBCDAB
′
E
]
∇AB′ψABCD
= [−(þ− 4ρ− ρ¯)(þ′ − ρ′) + (ð− 4τ − τ¯ ′)(ð′ − τ ′)] Ψ0
+ [(þ− 4ρ− ρ¯)(ð− 4τ)− (ð− 4τ − τ¯ ′)(þ− 4ρ)] Ψ1
+3(þ− 4ρ− ρ¯)[σΨ2]− 3(ð− 4τ − τ¯
′)[κΨ2].
Using (2.32), we see that the term involving Ψ0 is just
[−(þ− 4ρ− ρ¯)(þ′ − ρ′) + (ð− 4τ − τ¯ ′)(ð′ − τ ′)] Ψ0
= −
1
2
(T 4 − 10Ψ2 +
R
6
)Ψ0 − 3(κκ
′ − σσ′)Ψ0. (5.23)
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On the other hand, for the Ψ1 term we use the commutation relation (2.24)
applied to Ψ1, with a = 4 and p = 2:
[(þ− 4ρ− ρ¯)(ð− 4τ)− (ð− 4τ − τ¯ ′)(þ− 4ρ)] Ψ1 (5.24)
= [þ− 4ρ, ð− 4τ ]Ψ1 − ρ¯(ð− 4τ)Ψ1 + τ¯
′(þ− 4ρ)Ψ1 (5.25)
= −10Ψ21 + (ð
′Ψ1 + 2τ
′Ψ1 + 4Ψ1(ð− τ¯ + τ
′))σ
−(þ′Ψ1 + 2ρ
′Ψ1 + 4Ψ1(þ
′ − ρ¯′ + ρ′))κ. (5.26)
For the Ψ2 term, we only need to use the Ricci identities (2.16):
3(þ− 4ρ− ρ¯)[σΨ2]− 3(ð− 4τ − τ¯
′)[κΨ2]
= 3{(þσ − ðκ)Ψ2 + σþΨ2 − κðΨ2 + (4τκ+ τ¯
′κ− 4ρσ − ρ¯σ)Ψ2}
= 3Ψ2Ψ0 + 3σ(þ− 3ρ)Ψ2 − 3κ(ð− 3τ)Ψ2.
Then, recalling (5.19) we get
SG,2EG(ψABCD) = −
1
2
(T 4 − 16Ψ2 +
R
6
)Ψ0 +B[Ψ0,Ψ1, κ, σ]
where
B[Ψ0,Ψ1, κ, σ] := −3(κκ
′ − σσ′)Ψ0 − 10Ψ
2
1
+(ð′Ψ1 + 2τ
′Ψ1 + 4Ψ1(ð− τ¯ + τ
′))σ
−(þ′Ψ1 + 2ρ
′Ψ1 + 4Ψ1(þ
′ − ρ¯′ + ρ′))κ
+3σ(þ− 3ρ)Ψ2 − 3κ(ð− 3τ)Ψ2. (5.27)
Linearizing this expression (in the sense described at the beginning of this
subsection) around a type D background spacetime, and using the Bianchi
identities (2.38), we get
d
dǫ
∣∣∣∣
ǫ=0
B[Ψ0,Ψ1, κ, σ] = 0 (5.28)
(because all terms in B[Ψ0,Ψ1, κ, σ] are at least order ǫ
2) and therefore,
recalling that Ψ0|ǫ=0 = 0,
d
dǫ
∣∣∣∣
ǫ=0
[SG,2EG(ψABCD)] = −
1
2
(T 4 − 16Ψ2 +
2
3
λ)Ψ˙0, (5.29)
which is what we wanted to prove.8
8The linearization of the spinor expression SG,2EG(ψABCD) in the LHS of (5.29) is an
example of what we mean by ‘understood in a tensor sense’, since one uses the equality
Ψ
4/3
2
oEBCD∇B
′
E [Ψ
−4/3
2
∇AB′ψABCD] = −
1
2
Ψ
4/3
2
0
W
αβγǫ∇ǫ[Ψ
−4/3
2
∇δC˜αβγδ]
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For spin weight s = −2, as observed in [1], this case follows from the
previous one by simply applying the prime operation and using the transfor-
mation law (2.34).
Consider now the spin weight s = 0 case. The proof of this case goes
along similar lines as those of the previous one: we start by
SG,0EG(ψABCD) =
[
LEBCD∇B
′
E + 4L
EBCDAB
′
E
]
∇AB′ψABCD
= LEBCD∇B
′
E ∇
A
B′ψABCD + 4L
EBCDAB
′
E ∇
A
B′ψABCD,
(5.30)
and use Leibniz rule for the term with second derivatives of ψABCD:
LEBCD∇B
′
E ∇
A
B′ψABCD = ∇
B′
E (L
EBCD∇AB′ψABCD)−(∇
B′
E L
EBCD)(∇AB′ψABCD).
(5.31)
Now, the second term in this equation is more easily calculated taking into
account that in the end we want to linearize around a λ-vacuum solution,
such that (∇AB′ψABCD)|ǫ=0 = 0; then
d
dǫ
∣∣∣∣
ǫ=0
[
−(∇B
′
E L
EBCD)(∇AB′ψABCD)
]
= −(∇B
′
E L
EBCD)|ǫ=0
d
dǫ
∣∣∣∣
ǫ=0
[
∇AB′ψABCD
]
(5.32)
This implies that we can use identities from the unperturbed spacetime.
From the definition of LABCD, eq. (5.12), we see that it is propotional to
the Weyl spinor of the type D background: LABCD = Ψ
−5/3
2 ψ˚ABCD, where
ψ˚ABCD = (ψABCD)|ǫ=0. Using the background Bianchi identities, we then
have
(∇B
′
E L
EBCD)|ǫ=0 = (5L
EBCDAB
′
E )|ǫ=0, (5.33)
where we have used expression (2.39). Therefore,
d
dǫ
∣∣∣∣
ǫ=0
[
−(∇B
′
E L
EBCD)(∇AB′ψABCD)
]
=
d
dǫ
∣∣∣∣
ǫ=0
[
−5LEBCDAB
′
E ∇
A
B′ψABCD
]
,
(5.34)
and then
d
dǫ
∣∣∣∣
ǫ=0
[SG,0EG(ψABCD)]
=
d
dǫ
∣∣∣∣
ǫ=0
[
∇B
′
E (L
EBCD∇AB′ψABCD)− L
EBCDAB
′
E ∇
A
B′ψABCD
]
. (5.35)
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The term inside the bracket in (5.35) can be calculated without linearizing,
following similar manipulations as in previous cases and using the explicit
expressions (2.40) and (5.12). The result is
∇B
′
E (L
EBCD∇AB′ψABCD)− L
EBCDAB
′
E ∇
A
B′ψABCD
= −3(þ− ρ¯)[Ψ
−2/3
2 o
BιCιD ι¯B
′
∇AB′ψABCD]
−3(ð′ − τ¯ )[Ψ
−2/3
2 o
BoCιD ι¯B
′
∇AB′ψABCD]
+3(ð− τ¯ ′)[Ψ
−2/3
2 o
BιCιD o¯B
′
∇AB′ψABCD]
+3(þ′ − ρ¯′)[Ψ
−2/3
2 o
BoCιD o¯B
′
∇AB′ψABCD].
Now we just have to use (2.28) for the corresponding components of
∇AB′ψABCD (note that we need the second, third, sixth and seventh equa-
tions in (2.28)), and the fact that
Ψ
−2/3
2 (þ
′ − 3ρ′)Ψ2 = 3(þ
′ − ρ′)Ψ
1/3
2 (5.36)
and similarly for the other derivatives. This gives
∇B
′
E (L
EBCD∇AB′ψABCD)− L
EBCDAB
′
E ∇
A
B′ψABCD
= −3(þ− ρ¯)
[
3(þ′ − ρ′)Ψ
1/3
2 +Ψ
−2/3
2 [−(ð− 2τ)Ψ3 + 2κ
′Ψ1 − σΨ4]
]
−3(ð′ − τ¯ )
[
−3(ð − τ)Ψ
1/3
2 +Ψ
−2/3
2 [(þ
′ − 2ρ′)Ψ1 − 2σΨ3 + κ
′Ψ0]
]
+3(ð− τ¯ ′)
[
3(ð′ − τ ′)Ψ
1/3
2 +Ψ
−2/3
2 [−(þ− 2ρ)Ψ3 + 2σ
′Ψ1 − κΨ4]
]
+3(þ′ − ρ¯′)
[
−3(þ− ρ)Ψ
1/3
2 +Ψ
−2/3
2 [(ð
′ − 2τ ′)Ψ1 − 2κΨ3 + σ
′Ψ0]
]
Note that the sum of the second and fourth lines is just the primed version
of the sum of the first and third ones, and then we only calculate the latter:
−3(þ− ρ¯)
[
3(þ′ − ρ′)Ψ
1/3
2 +Ψ
−2/3
2 [−(ð − 2τ)Ψ3 + 2κ
′Ψ1 − σΨ4]
]
+3(ð− τ¯ ′)
[
3(ð′ − τ ′)Ψ
1/3
2 +Ψ
−2/3
2 [−(þ− 2ρ)Ψ3 + 2σ
′Ψ1 − κΨ4]
]
= −9 [(þ− ρ¯)(þ′ − ρ′)− (ð− τ¯ ′)(ð′ − τ ′)] Ψ
1/3
2
+3(þ− ρ¯)[Ψ
−2/3
2 (ð− 2τ)Ψ3]− 3(ð− τ¯
′)[Ψ
−2/3
2 (þ− 2ρ)Ψ3]
−3(þ− ρ¯)[Ψ
−2/3
2 (2κ
′Ψ1 − σΨ4)] + 3(ð− τ¯
′)[Ψ
−2/3
2 (2σ
′Ψ1 − κΨ4)].
(5.37)
Recalling the explicit expression (2.32) of the weighted wave operator T p
(and taking into account that Ψ2 is type {0, 0}), we see that the term with
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Ψ
1/3
2 is just
[(þ− ρ¯)(þ′ − ρ′)− (ð− τ¯ ′)(ð′ − τ ′)] Ψ
1/3
2
= 1
2
(+ 2Ψ2 +
R
6
)Ψ
1/3
2 + (κκ
′ − σσ′)Ψ
1/3
2 (5.38)
The second term in the bottom line of the last equation will vanish when
we linearize around a type D spacetime (because of (2.35)), and so will the
terms with Ψ3 and with Ψ1,Ψ4 in (5.37); for the term with Ψ3 we need first
reorder as
(þ− ρ¯)[Ψ
−2/3
2 (ð− 2τ)Ψ3]− (ð− τ¯
′)[Ψ
−2/3
2 (þ− 2ρ)Ψ3]
= 2
3
Ψ
−5/3
2 (þΨ2)(ð− 2τ)Ψ3 −Ψ
−2/3
2 (þ− ρ¯)(ð− 2τ)Ψ3
−2
3
Ψ
−5/3
2 (ðΨ2)(þ− 2ρ)Ψ3 +Ψ
−2/3
2 (þ− τ¯
′)(þ− 2ρ)Ψ3,
and recall the background Bianchi identities (2.38) and the commutation
relation (2.25). Linearizing and taking into account the vanishing of the
terms just mentioned, we finally get
d
dǫ
∣∣∣∣
ǫ=0
[SG,0EG(ψABCD)]
=
d
dǫ
∣∣∣∣
ǫ=0
[
∇B
′
E (L
EBCD∇AB′ψABCD)− L
EBCDAB
′
E ∇
A
B′ψABCD
]
= −9
d
dǫ
∣∣∣∣
ǫ=0
[
(+ 2Ψ2 +
R
6
)Ψ
1/3
2
]
,
which gives the desired result.
5.3 Tensor expressions and Einstein equations
Using the idea we described in section 5.1, we now give the identities that
combine the previous decoupled equations with the linearized Ricci tensor.
First, we recall the definition of the anti-self-dual 2-forms given in the intro-
duction
0
Mαβ := 2l[αmβ],
1
Mαβ := 2l[αnβ] + 2m¯[αmβ],
2
Mαβ := 2m¯[αnβ], (5.39)
and the anti-self-dual tensors with the symmetries of the Weyl tensor:
0
W αβγδ :=
0
Mαβ
0
Mγδ, (5.40)
2
W αβγδ :=
0
Mαβ
2
Mγδ +
2
Mαβ
0
Mγδ +
1
Mαβ
1
Mγδ, (5.41)
4
W αβγδ :=
2
Mαβ
2
Mγδ . (5.42)
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We also recall the expression of the linearized Einstein tensor in terms of the
metric perturbation:
G˙αβ [h] = −
1
2
hαβ −
1
2
∇α∇βh+∇
γ∇(αhβ)γ +
1
2
gαβ(h−∇
γ∇δhγδ), (5.43)
where h = gγδhγδ. The combination of theorem 5.1 with the analysis of
section 5.1 then leads to the following corollary (which is just theorem 1.3′):
Corollary 5.2. Let (Mǫ, gαβ(ǫ)) be a monoparametric family of pseudo-
Riemannian manifolds, analytic around ǫ = 0, such that gαβ(0) is of Petrov
type D and satisfies the vacuum Einstein equations with cosmological con-
stant λ. Denoting the linearization of a quantity T by T˙ := d
dǫ
|ǫ=0T (ǫ), we
have the following equalities:
Ψ
4/3
2
0
W
αγβδ∇δ
[
Ψ
−4/3
2 ∇γ(G˙αβ [h] + λhαβ)
]
= (T+4−16Ψ2+
2
3
λ)Ψ˙0[h], (5.44)
Ψ
2/3
2
2
W
αγβδ∇δ
[
Ψ
−4/3
2 ∇γ(G˙αβ [h] + λhαβ)
]
= 6
[
(+ 8Ψ2 +
2
3
λ)[Ψ
−2/3
2 Ψ˙2[h]] + 3(˙h +
R˙h
6
)Ψ
1/3
2
]
, (5.45)
4
W
αγβδ∇δ
[
Ψ
−4/3
2 ∇γ(G˙αβ [h] + λhαβ)
]
= (T−4 − 16Ψ2 +
2
3
λ)[Ψ
−4/3
2 Ψ˙4[h]].
(5.46)
The previous equations show that if the linearized Einstein equations
G˙αβ [h] + λhαβ = 0 are satisfied, then we have decoupled equations for the
perturbed Weyl scalars. On the other hand, in order to see whether we can
construct solutions of the linearized Einstein equations from solutions of the
decoupled equations, we can put these identities in an operator equality form
such as (5.14). We separate cases according to extreme and zero spin weight,
since there are important differences between them.
5.3.1 Extreme spin weight
For s = ±2 we define new operators Ss and E such that equations (5.44) and
(5.46) adopt the form
SsE(hαβ) = OsTs(hαβ) (5.47)
for all symmetric tensor field hαβ = h(αβ), where
Ss(Hαβ) := Ψ
(s+2)/3
2
2−s
W
αγβδ∇δ[Ψ
−4/3
2 ∇γHαβ], (5.48)
E(hαβ) := G˙αβ[h] + λhαβ, (5.49)
Os(Φ) := (T 2s − 16Ψ2 +
2
3
λ)Φ, (5.50)
Ts(hαβ) := Ψ
(s−2)/3
2 Ψ˙2−s[h]. (5.51)
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Since E is self-adjoint, and O†s = O¯−s (eq. (2.58)), the adjoint equation
ES†s(Φ) = T
†
s O
†
s(Φ) leads immediately to the following corollary:
Corollary 5.3. Consider a vacuum type D spacetime with cosmological con-
stant, and let Φs be a solution of the spin-weight s = ±2 Teukolsky equation.
Then
s
hαβ (Φ) = ∇γ[Ψ
−4/3
2 ∇δ(
2+s
W (α
γδ
β)Ψ
(2−s)/3
2 Φs)] (5.52)
is a complex solution of the linearized Einstein equations.
It can be shown that (5.52) for s = −2 coincides with the Kegeles &
Cohen ansatz [24, Eq.(5.4)] (in that work hαβ is given in spinor form and in
terms of a Hertz spinor and a gauge spinor). We also note that the difference
between the metric perturbations constructed in the form (5.52) for s = +2
and s = −2 is described in the recent work [3], and that further symmetry
operators for extreme spin weight are constructed in [2].
5.3.2 Spin weight zero, real Ψ2 case
The ‘inhomogeneous’ term in the right hand side of (5.45), namely (˙h +
R˙h
6
)Ψ
1/3
2 , makes it more difficult to formulate an operator equality like (5.47)
for the spin weight zero case. The simplest possibility is in the case in which
Ψ2 is a real field, since then we can take the imaginary part in (5.45) and get
S0E(hαβ) = O0T0(hαβ) for all hαβ = h(αβ), where
S0(Hαβ) =
1
2
Ψ
2/3
2
2
∗W αγβδ∇δ[Ψ
−4/3
2 ∇γHαβ ], (5.53)
E(hαβ) = G˙αβ [h] + λhαβ , (5.54)
O0(Φ) = 6(+ 8Ψ2 +
2
3
λ)Φ, (5.55)
T0(hαβ) = Ψ
−2/3
2 Im{Ψ˙2[h]}, (5.56)
with
2
∗W αβγδ = −2Im{
2
W αβγδ}. Taking the adjoint equation, and using the
fact that E and O0 are both self-adjoint, we obtain that if Φ is a solution to
(+ 8Ψ2 +
2
3
λ)Φ = 0, then the tensor field
hαβ(Φ) =
1
2
∇γ[Ψ
−4/3
2 ∇δ(
2
∗W (α
γδ
β)Ψ
2/3
2 Φ)] (5.57)
is a solution to the linearized Einstein equations, G˙αβ [h] + λhαβ = 0. As
we show in section 6.2 below, this applies to the odd sector of gravitational
perturbations of the Schwarzschild-(A)dS solution.
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Note that, since we are working on a background type D spacetime, we
have
2
W αβγδ ≡ Ψ
−1
2 C˜αβγδ, (5.58)
hence we can replace the corresponding expressions with the background
Weyl tensor.
On the other hand, we also note that the field Ψ
−2/3
2 Ψ˙2 can be put in terms
of the Killing-Yano tensors in the following way. In a generic spacetime, we
have the identity [26, Eqs. (8.3.8) and (8.3.10)]
ψAB
CDψCD
AB = 6Ψ22 + 2Ψ0Ψ4 − 8Ψ1Ψ3, (5.59)
or equivalently
6Ψ22 =
1
4
C˜αβ
γδC˜γδ
αβ − 2Ψ0Ψ4 + 8Ψ1Ψ3. (5.60)
Linearizing this equation around a type D background, we get
Ψ˙2 =
1
24
Ψ−12 C˜γδ
αβ ˙˜Cαβ
γδ. (5.61)
Now, using the expression (2.47) for C˜αβ
γδ and the symmetries of the Weyl
tensor, we obtain
Ψ
−2/3
2 Ψ˙2 = −
1
4k2
Y˜γδY˜
αβ ˙˜Cαβ
γδ. (5.62)
We will work further this expression below, when we apply our results to the
Schwarzschild-(A)dS solution.
6 Spherically symmetric spacetimes
In this section we show the relation of our results, particularized to the
Schwarzschild-(A)dS case, with the so-called 2 + 2 decomposition valid in
spherically symmetric spacetimes. For the latter formalism, we follow closely
[13] (note however that we take the metric to have signature (+−−−)). This
approach takes advantage of the warped product structure of the background
manifold M = M˜ ×r2 S
2, with coordinates zα = (xa, yi) and metric
gαβ(z)dz
αdzβ = g˜ab(x)dx
adxb + r2ĝij(y)dy
idyj. (6.1)
Lowercase latin indices a, b, c, ... denote quantities in the orbit space M˜ =
M/SO(3), while indices i, j, k, ... refer to quantities on the sphere S2. The
metric, covariant derivative and volume form of M˜ are respectively g˜ab, D˜a
and ǫ˜ab; whereas those of S
2 are ĝij, D̂i and ǫ̂ij . The wave operators in M˜
42
and S2 are then ∆˜ := g˜abD˜aD˜b and ∆̂ := ĝ
ijD̂iD̂j , respectively. The relation
between the Christoffel symbols of gαβ and those of g˜ab and ĝij is
Γdab = Γ˜
d
ab, Γ
d
ai = 0, Γ
d
ij = −rr
dĝij, (6.2)
Γiab = 0, Γ
i
aj =
ra
r
δij , Γ
k
ij = Γ̂
k
ij . (6.3)
For further relations we refer the reader to [13].
In the Schwarzschild-(A)dS spacetime, we have Ψ2 = −M/r
3. We take
the constant k in the definition (2.42) of the Killing spinor to be real, and for
convenience we define b := −kM−1/3. The Killing-Yano tensor (2.43) and its
dual (2.44) are then
Yαβdz
α ∧ dzβ ≡ br3ǫ̂ijdy
i ∧ dyj, (6.4)
∗Yαβdz
α ∧ dzβ ≡ brǫ˜abdx
a ∧ dxb, (6.5)
where in Schwarzschild coordinates {t, r, θ, ϕ}, ǫ̂ = sin θdθ ∧ dϕ and ǫ˜ =
dt ∧ dr. The Weyl tensor and its dual can be deduced from (2.47), (2.49):
Cαβγδ =
3M
b2r5
(YαβYγδ −
∗Yαβ
∗Yγδ)−
2M
r3
gα[γgδ]β, (6.6)
∗Cαβγδ =
3M
b2r5
(∗YαβYγδ + Yαβ
∗Yγδ) +
M
r3
ǫαβγδ. (6.7)
With our signature conventions, the Schwarzschild-(A)dS metric (6.1) in co-
ordinates {t, r, θ, ϕ} has the form
ds2 = f(r)dt2 −
dr2
f(r)
− r2(dθ2 + sin2 θdϕ2), (6.8)
where
f(r) = 1− 2M
r
− λ
3
r2. (6.9)
The Ricci tensor of (6.8) solves9
Rαβ − λgαβ = 0. (6.10)
6.1 Maxwell fields
According to the 2+ 2 decomposition of the Maxwell field performed in [13],
the information of the field is contained in two master scalar variables, φ−
and φ+, codifying respectively the odd and even parity sectors of the electro-
magnetic perturbation. It can be shown that spherically symmetric Maxwell
9the Ricci tensor we use has the opposite sign to the conventional one [35], see appendix
A.1.
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fields (i.e., with ℓ = 0 in a decomposition into spherical harmonics) are static
(see e.g. [29], also [10, Appendix A]), therefore they are not interesting for
the stability problem and we can then take ℓ ≥ 1, which implies that the
laplacian ∆̂ is invertible. Assuming vacuum Maxwell equations hold, the
reconstruction of the field from the variables φ− and φ+ is:
Fab = −
1
r2
ǫ˜abφ
+, Fai = ǫ̂i
jD̂jD˜aφ
− + D̂iǫ˜a
bD˜b∆̂
−1φ+, Fij = −ǫ̂ij∆̂φ
−.
(6.11)
The wave equations satisfied by φ± (see [13] and the decomposition (6.36) of
the wave operator below) are equivalent to
(+ 2Ψ2 +
2
3
λ)[φ
+
r
+ iφ
−
r
] = 0. (6.12)
The scalar field Φ := φ
+
r
+iφ
−
r
satisfies then the Fackerell-Ipser equation, thus
we can construct a new electromagnetic field using corollary 4.3. In order
to see the relation between this new field and the original one (6.11), we
need calculate the components of the tensors Eαβ(u) and
∗Eαβ(v) of formula
(4.40) according to the 2 + 2 decomposition. Using the explicit form of the
Killing-Yano tensor, and the fact that Im(Ψ2) = 0, we get:
∗Eab(v) = 0,
∗Eai(v) = −2bǫ̂i
jD̂jD˜a(rv),
∗Eij(v) = 2bǫ̂ij∆̂(rv),
(6.13)
Eab(u) = −
2b
r2
ǫ˜ab∆̂(ru), Eai(u) = 2bD̂iǫ˜a
bD˜b(ru), Eij(u) = 0.
(6.14)
Furthermore, if (6.12) holds, then using that [∆̂−1, + 2Ψ2 + 2λ/3] = 0, it
also holds
(+ 2Ψ2 +
2
3
λ)[∆̂−1( φ
+
2br
)− i φ
−
2br
] = 0, (6.15)
and therefore the electromagnetic field constructed from this solution in the
form (6.13)-(6.14) (i.e. replacing u ≡ ∆̂−1( φ
+
2br
) and v ≡ − φ
−
2br
in those ex-
pressions) coincides exactly with the original field.
Recalling that ∆̂ = AM,0 (see equation (4.44)), we summarize the previous
results as follows:
Theorem 6.1. The dynamics of the Maxwell field on the Schwarzschild-
(A)dS spacetime is governed by solutions Φ = u + iv of the Fackerell-Ipser
equation, (
−
2M
r3
+
2
3
λ
)
Φ = 0, (6.16)
where the real and imaginary parts of Φ codify respectively the information
of the even and odd parity sectors, and the covariant four-dimensional recon-
struction of the electromagnetic field is
Fαβ = −
2
b
∇[α(Yβ]
γ∇γv) +
1
b
ǫαβ
γδ∇γ(Yδ
ǫ∇ǫ(A
−1
M,0u)). (6.17)
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Using this result, the linear stability of the Maxwell field on Schwarzschild-
dS can be proved along similar lines as those used in [15] for spin 2 (the
problem for the Anti-de Sitter case is more delicate because of the boundary
conditions [6]). This is the spin 1 analogue of the results of [15].
6.2 Gravitational perturbations
In this subsection we apply the general results of section 5 to linearized
gravity on Schwarzschild-(A)dS. We will only work on the odd sector of
gravitational perturbations, where the perturbed metric is [13]
h−ab = 0, h
−
ai = ǫ̂i
jD̂jha, h
−
ij = 0. (6.18)
The corresponding linearized Ricci tensor is10
R˙−ab = 0, (6.19)
R˙−ai = +
1
2
ǫ̂i
jD̂j
[
1
r2
ǫ˜a
cD˜c(r
2F) + 1
r2
[∆̂ + (∆˜r2)]ha
]
, (6.20)
R˙−ij = −ǫ̂(i
kD̂j)D̂kD˜
aha, (6.21)
where
F := r2ǫ˜abD˜a(r
−2hb). (6.22)
We will only need the ai component of the Einstein tensor:
G˙−ai = R˙
−
ai − 2λhai. (6.23)
Using the form (6.8) of the metric, we have
∆˜r2 = −2 + 2λr2, (6.24)
whereby
G˙−ai + λh
−
ai = +
1
2
ǫ̂i
jD̂j
[
1
r2
ǫ˜a
cD˜c(r
2F) + 1
r2
(∆̂− 2)ha
]
. (6.25)
The Einstein equations G˙−ai + λh
−
ai = 0 together with the fact that (∆̂− 2) is
invertible in the space of interest (that is, with ℓ ≥ 2 in a decomposition into
spherical harmonics, see [13, 16]), imply that the original metric perturbation
can be recovered from F :
h−ai = −ǫ̂i
jD̂j ǫ˜a
bD˜b[r
2(∆̂− 2)−1F ]. (6.26)
We will see now the relation of this formalism with our four-dimensional
approach in this paper.
Using the explicit expression (6.25), the general formula (5.45) can be
checked directly in this case, as the following lemma shows:
10recall that our Ricci tensor has the opposite sign to the one of [13]
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Lemma 6.1. In the odd sector (6.18) of linearized gravity on the Schwarzschild-
(A)dS spacetime, we have the equality
Ψ
−1/3
2
∗Cαγβδ∇δ[Ψ
−4/3
2 ∇γ(G˙
−
αβ [h] + λh
−
αβ)] =
3
M2/3
[(
− 8M
r3
+ 2
3
λ
)
∆̂F
]
.
(6.27)
Proof. Define Eαβ := G˙
−
αβ[h] + λh
−
αβ. We will first prove that
Ψ
−1/3
2
∗Cαγβδ∇δ[Ψ
−4/3
2 ∇γEαβ] = −
6
M2/3
ǫ̂ijD̂j ǫ˜
abD˜bEai, (6.28)
this is actually true for any symmetric tensor Eαβ . The calculation is done
by using the explicit expression (6.7) for the dual Weyl tensor. The term
with the volume form vanishes in the contraction with a symmetric tensor.
Using that ∇δ∗Cαβγδ = 0, we have
Ψ
−1/3
2
∗Cαγβδ∇δ[Ψ
−4/3
2 ∇γEαβ ]
= − 3
k2
r∇δ[r
4∇γ(
1
r5
Y αγ∗Y βδEαβ)]−
3
k2
r∇δ[r
4∇γ(
1
r5
∗Y αγY βδEαβ)]. (6.29)
Let us focus on the first term of the last expression, the calculations for the
second one are similar. We find
3
k2
r∇δ[r
4∇γ(
1
r5
Y αγ∗Y βδEαβ)]
= 3
k2
r∇δ
[
− 5
r2
rγY
αγ∗Y βδEαβ +
1
r
∇γ(Y
αγ∗Y βδEαβ)
]
, (6.30)
where rα := ∇αr. Note that rγY
αγ = 0 because of the explicit form (6.4).
Using (6.4)-(6.5) and the relation between the covariant derivatives of the
different spaces, we find
∇γ(Y
αγ∗Y βδEαβ) = D̂i(Y
αi∗Y βδEαβ) +
1
r
rbY
αδ∗Y βbEαβ , (6.31)
which implies
3
k2
r∇δ[r
4∇γ(
1
r5
Y αγ∗Y βδEαβ)]
= 3
k2
r∇δ[
1
r
D̂i(Y
αi∗Y βδEαβ) +
1
r2
rbY
αδ∗Y βbEαβ ]. (6.32)
Once more, we use the relation between covariant derivatives, and find that
∇δ[
1
r
D̂i(Y
αi∗Y βδEαβ)] =
1
r
D˜bD̂i(Y
αi∗Y βbEαβ) +
1
r2
rbD̂i(Y
αi∗Y βbEαβ)
∇δ(
1
r2
rbY
αδ∗Y βbEαβ) =
1
r2
D̂i(rbY
αi∗Y βbEαβ);
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therefore
3
k2
r∇δ[r
4∇γ(
1
r5
Y αγ∗Y βδEαβ)]
= 3
k2
[
D˜bD̂i(Y
αi∗Y βbEαβ) +
2
r
rbD̂i(Y
αi∗Y βbEαβ)
]
. (6.33)
The calculation for the second term in (6.29) is performed along the same
lines, the result is
3
k2
r∇δ[r
4∇γ(
1
r5
∗Y αγY βδEαβ)]
= 3
k2
[
D̂iD˜b(
∗Y αbY βiEαβ)−
2
r
rbD̂i(
∗Y αbY βiEαβ)
]
. (6.34)
Putting together (6.33) and (6.34), using the explicit forms (6.4)-(6.5) of the
Killing-Yano tensors and Eαβ = G˙
−
αβ [h] + λh
−
αβ , we obtain
Ψ
−1/3
2
∗Cαγβδ∇δ[Ψ
−4/3
2 ∇γ(G˙
−
αβ [h] + λh
−
αβ)] = −
6
M2/3
ǫ̂ijD̂j ǫ˜
abD˜b(G˙
−
ai[h] + λh
−
ai).
(6.35)
Next, we calculate ǫ˜abD˜b(G˙
−
ai + λh
−
ai) using the explicit expression (6.25),
the background equations rara = −f(r), ∆˜r = −∂rf(r), and the decomposi-
tion of the wave operator
 = ∆˜ + 1
r2
∆̂ + 2
r
raD˜a. (6.36)
We find
ǫ˜abD˜b(G˙
−
ai + λh
−
ai) = −
1
2
ǫ̂i
jD̂j
[(
− 8M
r3
+ 2
3
λ
)
F
]
. (6.37)
Finally, using the fact that [∆̂,− 8M
r3
+ 2
3
λ] = 0 on scalar fields, we obtain
Ψ
−1/3
2
∗Cαγβδ∇δ[Ψ
−4/3
2 ∇γ(G˙
−
αβ [h] + λh
−
αβ)] =
3
M2/3
[(
− 8M
r3
+ 2
3
λ
)
∆̂F
]
.
(6.38)
6.2.1 Metric reconstruction
We now explain how to recover the original metric perturbation (6.18) from
a solution to the scalar equation. From section 5.3.2 we know that in case
Ψ2 is real, if Φ is a solution to
(+ 8Ψ2 +
2
3
λ)Φ = 0, (6.39)
then the tensor field
hαβ(Φ) = −
∗C(α
γδ
β)∇γ [Ψ
−4/3
2 ∇δ(Ψ
−1/3
2 Φ)] (6.40)
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is a solution to the linearized Einstein equations. First, let us show that in
the Schwarzschild-(A)dS solution, this expression reproduces formula (25) in
[15]. Using Ψ2 = −
M
r3
and the explicit form of the dual Weyl tensor (6.7),
we have:
hαβ(Φ) =
1
M5/3
∗C(α
γδ
β)∇γ[r
4∇δ(rΦ)]
= 3
b2M2/3r5
(
∗Y(α
γY δβ) + Y(α
γ∗Y δβ)
)
∇γ[r
4∇δ(rΦ)]
Now, using (6.4), (6.5) it is easy to see that
∗Y(α
γY δβ)∇γ[r
4∇δ(rΦ)] =
∗Y(α
γY δβ)∇γ∇δ(r
5Φ), (6.41)
therefore:
hαβ(Φ) =
3
b2M2/3r5
(
∗Y(α
γY δβ)∇γ∇δ(r
5Φ) + Y(α
γ∗Y δβ)∇γ[r
4∇δ(rΦ)]
)
= 3
b2M2/3r5
Y(α
γ∗Y δβ)∇γ[∇δ(r
5Φ) + r4∇δ(rΦ)]
= 3
b2M2/3r5
Y(α
γ∗Y δβ)2r
2∇γ∇δ(r
3Φ),
where we have used the identity ∇δ(r
5Φ) + r4∇δ(rΦ) = 2r
2∇δ(r
3Φ) and the
fact that Yα
γrγ = 0. Thus,
hαβ(Φ) =
1
M5/3
r2∗Cα
γδ
β∇γ∇δ(r
3Φ). (6.42)
Now, using that on scalar fields we have the commutator
[(∆̂− 2)−1,+ 8Ψ2 +
2
3
λ] = 0, (6.43)
if Φ is a solution to ( + 8Ψ2 +
2
3
λ)Φ = 0, so is the field M
2/3
3
(∆̂ − 2)−1Φ.
Defining Φo := (∆̂− 2)
−1Φ, the metric perturbation (6.42) constructed from
M2/3
3
(∆̂− 2)−1Φ is
hαβ =
r2
3M
∗Cα
γδ
β∇γ∇δ(r
3Φo), (6.44)
which coincides with [15, Eq. (25)], and is the original perturbation (6.26)
(with Φ ≡ F). Our general results (5.45) thus explain the mechanism behind
(1.1)-(1.2) (and extend it to the cosmological setting).
6.2.2 Killing-Yano tensors
Finally, we want to derive the formula (1.3) from our general formalism. For
this we will use (5.62) in a slighty different form. Using that C˜αβ
γδC˜γδ
αβ =
C˜αβ
γδCγδ
αβ, an alternative expression to (5.62) is
12Ψ2Ψ˙2 =
1
4
(
˙˜
Cαβ
γδCγδ
αβ + C˜αβ
γδC˙γδ
αβ) (6.45)
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The linearization of C˜αβ
γδ is delicate because we have to take into account
that when we perturb the dual ∗Cαβ
γδ there are two terms: the perturbed
volume form ǫ˙αβ
µν and the perturbed Weyl tensor C˙µν
γδ. A straightforward
calculation shows that
d
dǫ
|ǫ=0(
∗Cαβ
γδ) = h
2
∗Cαβ
γδ + ǫαβρ
µhνρCµν
γδ + 1
2
ǫαβ
µνC˙µν
γδ, (6.46)
where we recall that h = gαβhαβ = −gαβh
αβ; then
12Ψ2Ψ˙2 =
1
2
C˜γδ
αβC˙αβ
γδ + i
8
(h
2
∗Cαβ
γδCγδ
αβ − 2hµν∗CµβγδCν
βγδ). (6.47)
Now, using the identities
∗Cαβ
γδCγδ
αβ = 48Im(Ψ22), (6.48)
∗CµβγδCν
βγδ = 12gµνIm(Ψ
2
2), (6.49)
we get
12Ψ2Ψ˙2 =
1
2
C˜γδ
αβC˙αβ
γδ + 6ihIm(Ψ22) (6.50)
As we are interested in the case in which Ψ2 is real, we take the imaginary
part in the last equation and, using the explicit form (2.47), we obtain
Ψ
−2/3
2 Im(Ψ˙2) = −
1
16k2
(∗YγδY
αβ + Yγδ
∗Y αβ)C˙αβ
γδ. (6.51)
The two terms on the RHS turn out to be equal, therefore:
Ψ
−2/3
2 Im(Ψ˙2) = −
1
8k2
Y αβ∗YγδC˙αβ
γδ, (6.52)
which demonstrates (1.3).
7 Conclusions
Working in the class of vacuum Petrov type D spacetimes with cosmologi-
cal constant, we have presented the general form of linear, four-dimensional
differential operators mapping off-shell the equations for linear fields of spin
s = 1
2
, 1 and 2 into a system of scalar equations for spin weighted s compo-
nents of these linear fields that decouple on shell. By using the Bianchi iden-
tities linearized around λ-vacuum solutions, we were able to relate off-shell
the decoupled equations for Weyl scalars to the linearized Einstein equations.
Applying transposition of operators we obtained a way to reconstruct solu-
tions of the original field equations from solutions of the decoupled equations.
This mechanism works well for extreme spin weight s = ±s in the Dirac,
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Maxwell and linearized gravity cases. For spin weight s = 0, the reconstruc-
tion formula works for Maxwell fields, but for gravitational perturbations the
‘inhomogeneous’ term in the RHS of (5.45) (namely (˙h+
R˙h
6
)Ψ
1/3
2 ) spoils the
transposition of operators that would lead to a reconstruction formula. One
can get rid of this term whenever Ψ2 is a real field, the Schwarzschild-(A)dS
solution being the most significant example in the present work. Applying
our general results to this case, we explained the mechanisms behind the
equations presented in [15, 16] corresponding to the odd sector of linearized
gravity around the Schwarzschild-(A)dS black hole. In particular, we corrob-
orate our general formulae by translating the four-dimensional expressions
of our formalism into the traditional 2+ 2 decomposition of warped product
spacetimes, setting in this way the connection between both approaches.
Our off-shell formulation is also useful for obtaining symmetry opera-
tors for the field equations, both for the higher spin (Dirac, Maxwell, linear
gravity) field equations and for the scalar (Teukolsky, Fackerell-Ipser, etc.)
equations. For further results about symmetry operators in the literature, we
note that a comprehensive analysis of the second order symmetry operators
for the field equations of massless test fields of spin 0, 1
2
and 1 is performed in
[4], and that higher order symmetry operators for spin 1 and 2 and extreme
spin weight are obtained in [2].
We have also analyzed the role that Killing spinors (and its tensor ana-
logues, Killing-Yano forms) have in the description of the spin weight zero
scalar equations for linear fields. Killing spinors are certainly very used in
the literature. They are the main object in Penrose’s spin lowering process
for massless fields in Minkowski spacetime. For Petrov type D spaces, the
2-index Killing spinor encodes all the information about the symmetries and
hidden symmetries of the Kerr solution. They are also central for the exis-
tence of symmetry operators for massless fields of spin 1/2 and 1 in curved
spacetimes, as was proved in [4], see e.g. Theorems 4 and 6 there. However,
in this work we found that, although some proofs are somewhat simplified
by the Killing spinor equation, and the general object (2.54) used in the
theorems turns out to be a Killing spinor for spins 1 and 2 and spin weight
zero, the final results do not depend on this condition. Thus, regarding the
Maxwell and linearized gravity systems considered in this work, we may con-
sider the appearance of these objects as merely ‘accidental’, in the sense that
the proof of the theorems can be done without use of the Killing spinor equa-
tion. (We mention that, although in the proof of the spin weight zero case
of theorem 4.1 for Maxwell we do use the Killing spinor equation to simplify
the calculations, this proof can be performed without using this equation.)
There is a vast literature about the subject of symmetry operators and
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Debye potentials for higher spin fields. We particularly mention references
[1, 2, 3, 4, 14, 15, 18, 24, 28, 31, 34], whose connections with this work have
been described throughout the text. The results in this paper encompass
a number of previously known results in the mentioned works (and extend
them to the cosmological setting), in particular:
• For extreme spin weight, the Teukolsky equations [31] are the on-shell
version of the equations presented in this work: [31, Eqs.(B4) and
(B5)] for the Dirac field are the on-shell case of (1.10) and (1.11); [31,
Eqs.(3.5) and (3.7)] for the Maxwell fields correspond to the on-shell
case of equations (1.15) and (1.17); and [31, Eqs.(2.12) and (2.14)] for
linear gravity are the on-shell case of equations (1.24) and (1.26).
• For spin weight zero, the on-shell case of (1.16) for Maxwell fields is the
Fackerell-Ipser equation [18, Eq.(20)], and the on-shell case of (1.25)
for linear gravity is the linearized equation [1, Eq.(3.10)] of Aksteiner
& Andersson.
• The reconstruction formula (5.52) for spin weight s = −2 can be
checked to agree with Kegeles & Cohen ansatz [24, Eq.(5.4)].
• For a Schwarzschild background, the on-shell case of (1.25) is [15,
Eq.(24)] (or [16, Eq.(4DRWE)] in the cosmological setting), and the
reconstruction equation (5.57) is Dotti’s formula [15, Eq.(25)].
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A Useful formulae
In this appendix we collect some useful formulae we have made use of in the
proofs of the results in the main text.
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A.1 Curvature spinors
For completeness we recall the definition of spinor curvature operations used
in this paper (we simply repeat the formulae of [26, section 4.9] relevant
for this work). Our convention for the definition of the Riemann curvature
tensor (in the absence of torsion) is (see [26, Eq.(4.2.31)])
(∇α∇β −∇β∇α)V
γ = +Rαβδ
γV δ. (A.1)
Note that the RHS of this equation has the opposite sign to the more com-
monly used definition, compare e.g. with [35, Eq.(3.2.11)]. This implies that
our Riemann and Ricci tensors have the opposite signs to those of this refer-
ence (note however that the curvature scalar and cosmological constant are
the same).
The commutator of two covariant derivatives gives the curvature spinor
operators AB and A′B′ in the form
∇α∇β −∇β∇α = ǫA′B′AB + ǫABA′B′ , (A.2)
where AB = ∇A′(A∇
A′
B), and its action on, for example, a spinor θ
C
D
E′
F ′, is
ABθ
C
D
E′
F ′ = XABQ
CθQD
E′
F ′ −XABD
QθCQ
E′
F ′
+ΦABQ′
E′θCD
Q′
D′ − ΦABF ′
Q′θCD
E′
Q′; (A.3)
a similar formula holds for A′B′ (see [26, Eq.(4.9.14)]). The curvature spinor
XABCD is decomposed as
XABCD = ψABCD +
R
24
(ǫACǫBD + ǫADǫBC), (A.4)
where ψABCD is the Weyl conformal curvature spinor. This implies in par-
ticular that
XABC
B = R
8
ǫAC . (A.5)
A.2 Derivatives of the dyad spinors
Using expressions for the directional derivatives of the dyad {oA, ιA} along
the tetrad vectors (equations (4.5.26) in [26]), it is easy to see that
∇M
′
M o
A = (ǫoA − κιA)ιM ι¯
M ′ − (ǫ′oA + τιA)oM o¯
M ′
+(β ′oA + ριA)oM ι¯
M ′ − (βoA − σιA)ιM o¯
M ′, (A.6)
∇M
′
M ι
A = −(ǫιA + τ ′oA)ιM ι¯
M ′ + (ǫ′ιA − κ′oA)oM o¯
M ′
−(β ′ιA − σ′oA)oM ι¯
M ′ + (βιA + ρ′oA)ιM o¯
M ′. (A.7)
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Contracting with oM , ιM and ǫA
M , we obtain the following useful formulae:
oM∇M
′
M o
A = (−ǫoA + κιA)ι¯M
′
+ (βoA − σιA)o¯M
′
, (A.8)
ιM∇M
′
M o
A = −(ǫ′oA + τιA)o¯M
′
+ (β ′oA + ριA)ι¯M
′
, (A.9)
∇M
′
A o
A = (ρ− ǫ)ι¯M
′
+ (β − τ)o¯M
′
, (A.10)
oM∇M
′
M ι
A = (ǫιA + τ ′oA)ι¯M
′
− (βιA + ρ′oA)o¯M
′
, (A.11)
ιM∇M
′
M ι
A = −(ǫ′ιA − κ′oA)o¯M
′
− (β ′ιA − σoA)ι¯M
′
, (A.12)
∇M
′
A ι
A = (τ ′ − β ′)ι¯M
′
+ (ǫ′ − ρ′)o¯M
′
. (A.13)
For the proofs of the theorems in the text we also need expressions for
the divergence of the tetrad vectors:
∇αl
α = ǫ+ ǫ¯− ρ− ρ¯, (A.14)
∇αn
α = ǫ′ + ǫ¯′ − ρ′ − ρ¯′, (A.15)
∇αm
α = β + β¯ ′ − τ − τ¯ ′, (A.16)
∇αm¯
α = β ′ + β¯ − τ ′ − τ¯ . (A.17)
A.3 Killing spinors
In the following proposition we gather useful identities involving the Killing
spinor of type D solutions:
Proposition A.1. Consider the Killing spinor KAB of a λ-vacuum type D
spacetime, and let ξAA
′
= ∇A
′BKB
A be the associated Killing vector. We
have:
∇C′CKAB =
2
3
∇DC′KD(AǫB)C , (A.18)
ψABCDK
CD = −2Ψ2KAB, (A.19)
KAB = (2Ψ2 +
2
3
λ)KAB, (A.20)
∇A
′A(Ψ2KAB) = 0, (A.21)
∇B′Aξ
B′
B = (3Ψ2 + λ)KAB. (A.22)
Proof. (A.18) follows immediately after using the Killing spinor condition
∇C′(CKAB) = 0 and [26, Eq.(3.3.55)],
∇C′CKAB = −
1
3
ǫCA∇
D
C′KDB −
1
3
∇DC′KDAǫCB.
For (A.19) we just have to use the expressions (2.46) for the Weyl spinor and
(2.42) for KAB, together with the identity
KABK
AB = −k
2
2
Ψ
−2/3
2 . (A.23)
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For (A.20), we take an additional derivative in 0 = ∇C
′
(CKAB) and use the
decomposition (A.4) of XABCD:
0 = ∇C′D∇
C′
(CKAB)
= 1
2
ǫD(CKAB) − 2ψD(CA
EKB)E −
R
12
ǫD(AKBC).
Expanding in CAB and contracting with ǫCD, we get
0 = KAB + ψABCDK
CD − R
6
KAB
which, after using (A.19) and replacing R = 4λ, reduces to (A.20).
Formula (A.21) follows after applying a derivative ∇A
′A to both sides of
(A.19) and using the Bianchi identities ∇A
′AψABCD = 0 and the Killing
spinor condition∇A
′(AKCD) = 0 (together with the fact that ψABCD is totally
symmetric).
Finally, for (A.22) we use the definition ξB
′
B = ∇
B′CKCB:
∇B′Aξ
B′
B = ∇B′A∇
B′CKCB =
1
2
KAB − ψABCDK
CD + R
6
KAB.
Then, using (A.20), (A.19) and R = 4λ we easily obtain (A.22).
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